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Abstrect. The external field of radiation in Rayleigh-Cabannes atmospheres with constant and linear

sources is found using the resolvent malrix approach. Ifthe internal sourccs are constant the external field
may be described by the X-, Y-, and H-matrices. For the case with linear sources we need the derivatives
ofthese matrices with respect to angular variable. The respective scheme for their determination is given.

A set of integrodifferentid equations for the X- and Y-matrices is derived and solved numerically. Some
relations between the moments of the H-matrix are given and a sample of results for external 6elds are
provided.

l. lntroduction

In this paper we find the external fields of radiation for homogeneous plane-parallel

Rayleigh-Cabannes atmospheres with constant or linear axially-symmetric internal

sources using the resolvent matrix approch. The respective solution for rhe scalar case

may be expressed in the X-, I-, and .f/-functions and their derivatives with respect to

angular variable depending on whether the atmosphere is optically finite or semi-infinite
(Viik el a/., 1985). For the vector case we encounter a remarkable similarity, only in this
time we have to do with respective matrices. As a result we have to find a way to obtain

the numerical values of these matrices. For finite atmospheres we may use a procedure

of determining the X- and Y-matrices based on the method of discrete ordinates (Viik,

1991). In the present paper we propose another way, namely closely following the
respective derivation in scalar case we derive a set of matrix integro-differential

equations which may be solved by discretizing the integral terms. For a semi-infinite

atmosphere the spectrum of methods to find the H-matrix is much broader. Tbe

nonlinear integral equation for the H-matrix for pure Rayleigh scattering was solved

iteratively first by Lenoble (1970) and Abhyankar and Fymat (1970, l97l). For the case
of almost conservative scattering, which is most interesting, this method does not

converge. Tables of the H-matrix for molecular (or Rayleigh-Cabannes) scattering have

been given by Bond and Siewert (l9il). They have used the Gauss-Seidel iteration
which converges even for the most difncult case - conservative Rayleigh scattering but

is rather time-consuming. Kriese and Siewert ( 1 97 I ) have proposed a rapidly converging

scheme which incorporates the linear constaint thus uniquely specifying the solution
(Pahor, 1968).

Lately, de Rooij et al. (1989) have elaborated a general iteration method to find the
H-matrix which compares favourable with that of Kriese and Siewert (1971) since in

the framework of this approach there is no need to solve the characteristic equation and
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T.  V l lK

to find the eigenvectors. Quite independently this same scheme has been rediscovered
by Ivanov (1991).

Last but not leasl we rnay find the H-matrix by using the method of discrete ordinates
(v i ik ,  l99 l ) .

2. The Equation of Transfer

The equation of transfer for the axially-symmetric part of the radiation field in a
homogeneous plane-parallel atmosphere with internal sources may be writr.en
(Chandrasekhar, 1960; Domke, 1972) zs

where

In Equations ( I ) and (2) I is the intensity vector in the (/, r) representation ; ?, the oprical
depth measured from the upper boundary of the atmosphere; p, the cosine of the angle
between the direction of travel of a photon and the positive !-axis, ro is the optical
thickness of the atmosphere (0 < ro S cc), I is rhe albedo of the single scattering
(0 < ,, < I ) and so(t) is the Stokes's vector of the internal sources of radiative energy.

In the case of molecular scattering in the atmosphere the matrices A, and A, are def
ined in the wav

and

6l(r. p, r)
v # = I(c i t ,  ro) -  A,(p)s(q ro),

ot

-  _ 2 ( t  -  p " )

2 + p ,

where p, is de depolarization factor (0 < c < l). The
Equation (l) are

+ l

1 f
s(r.  ro) = i ;  I  ar(p') I (a F" ro)dp'  + so(r) .

z J

( 1 )

(2)

A,(p) = ( t  ; r '  
u, ' ) ,

Ar0') = Bll(p),

' = ;.(; :)) . f,' . .,(l l),

(3)

(4)

(5)

l(0,  -  p,  zo) = I( to.  u,  r)  = 0 .

boundary conditions for

(6)

P I P S N o .  l l l l lASTR Art. No. 8687



(7)

EXTERNAL RADIATION FIELD IN RAYLEIGH.{ABANNES ATMOSPHERES

The solution of Equation (l) is

'i
I (q p, ro) = A,(p) |  s(r ,  ro) exp(r -  r) lp)dtp,

J
, "

I
I ( r ,  -  p ,  zu)  =  Ar (p)  |  s ( r ,  ro )  exp( -  ( r  -  t ) l f id t lp .

I
If we substitute Equations (7) and (8) into Equation (2) we obtain a matrix
equation for the source function

rr
S( r ,  rn )  - :  ^  |  K ( l r  -  r l ) s ( r .  r o )d r  +  so ( r ) ,

2J

where the kernel matrix is

I
a

K(r) = | .*p( - rlfiY(p) dplp
J
o

(e)

( lo )

(8)

integral

( 15 )

P I P S N o .  l l l l l

( l  l )

(  l 2 )

and

Y(p) = A'(p)A'(p).

The solution of Equation (9) may te u,ritten as

t i t r
r ( r . r ' .  t )= i r .  

l  
* , ' r - r  ) r ( r ,  r ' , ro )d t+ - i .K ( i r -  r t ) ,

' d

where F is the resolvent matrix of Equation (9). Hence, we have

( 1 3 )

! o

I

s(?, ro) = so(r) * I I '(e r, ro)so(r) dl .
J
o

In the following we shall need some properties of the resolvent matrix. According to
Domke (1972, cf. Sobolev, 1972) lt may be shown that

/  ^  ^ \
(  : .  :  ) r 1 t ,  r "  r o )  =  o ( t .  t o ) * ( t ' ,  t o )  -  o ( t o  -  t ,  t o )o - ( ro  -  r ,  r o ) ,
\ C T  O T  /

(t4)
where
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T. VilX

and

O(r, ro) = f(r, 0, ro) .

The following relation of symmetry is valid

f (q  r ' ,  r o )  =  F * ( t ' ,  t ,  t o )  .

If we use Equation (12) we may prove that

l ( t ,  t ' ,  to) = I.(ro - r,  ro - t ' , .1o).

(16)

(  l 7 )

(  l 8 )

Next we define the special matrices which are straightforward generalizations of the
respective functions in scalar transfer: namely,

( te)

(20)

o

and in the case of a semi-infinite atmosphere

€

(21)

In Equations (19) and (20) E is the identity matrix.
From Equations (19) and (20) it is easy to obtain a relation between the X- and

Y-matrices.

Y(p, ro) = x( - p, ro) exp( - roltt) . (22)

3. Constant Sources

The formulas of the preceding section are valid if the albedo of single scattering is

constant throughout the atmosphere but the internal sources of radiative energy may
depend on the optical depth. Next we are going to confine ourselves to the case of
constant internal sources since quite often this case serves as an idealized example for
the transfer problems in spectral lines.

Let us describe the rate ofenergy output ofconstant sources by the Stokes's vector

so. According to Equations (13), (18)-(20) the values of the s-vector at the boundaries
afe

s(0, to) = s(ro, ro) = X(o, te)so ,

.o

I
X ( p .  z o )  =  E  *  |  e x p ( -  t l D Q * ( t , t o ) d t ,

J
o

F
Y ( p . r o ) :  E e x p (  - r o l p )  +  |  e x p (  - t l p ) 6 * ( r o  -  t ,  z o ) d l

I  ' -

f
H(p)  =  E  +  |  exp(  - t l f iQ* ( t )d ' t .

I

(23)

P I P S N o . l l l l lASTR Art. No. 8687



EXTERNAL RADIATION FIELD IN RAYLEIGH.CABANNES ATMOSPHERES

since

X(o,  to)  = Y(cc,  to) .

For a semi-infinite atmosphere Equation (23) becomes

s(0) = t11*;to '

It is evident that the problem with constant internal sources in a
phere has a solution only if i + I since

(24)

(2s)

semi-infinite atmos-

, l im 
H(m)--+ m .

As a next step we shall find the intensities of the emergent radiation. If we substitute
Equation (13) into Equations (7) and (8) and by use of Equation (14) for parrially
integrating in Equations (7) and (8) we obtain

I (0 ,p ,  t o )  =  I ( t o ,  -F , ro )  =  A , (p ) [X* (p ,  t o )  -  Y * (p ,  r o ) ]X (cc ,  t 6 ) so .
(26)

The intensities of the emergent radiation both at r= 0 and r= roar€ equal as they
should since the radiation field in the atmosphere is symmetrical with respect to the
m i d p l a n e  r = r o l 2 a s

l(t, P, to) = l(to - r, - It, To) .

In the case of a semi-infinite atmosphere we have

l (0.  P)  = A,(P)H *  (P)H(cc)so,

since

s(0, ro) = Q(ro)s, ,

s(to, to) = P(ro)s, ,

_tt3* 
*{r, ro) = H(l)

and

'"tt3- "{u' 
to) = o '

where we may add that the complete radiation field in a Rayleigh-Cabannes atmosphere
with constant internal sources has been calculated by Viik (1990a) using the method of
discrete ordinates.

4. Linear Sources

If we have linear internal sources in the atmosphere with the energy output rate s, r then
according to Equations(13), (18)-(20) the source vectors at the boundaries are

(27)

(28)

(2e)

(30)

ASTR Art. No. 8687 P I P S N o .  l l l l l



T.  v i lK

where

Q(ro)  =

p(to) =,,,,i [u, ryr]
We may show that

Q(ro)  + P(ro)  = roX(co,  ro) .

For a semi-infinite atmosphere Equations (29) and (31) give

s(0) = Qs' ,

where

,'*- [,'

dX(p, ro)l
a,, I'

( 31 )

(32)

(33 )

(34)

e = rim [' +!tlp - c l  A p  I
(3 s)

lf we substitute Equation (13) into Equations (7) and (8) and using Equations (14),
(16)-(22) we obtain after a series of partial integrations

I (0 ,  p,  to)  = A,(p)  {X*(p to)Q(ro)  -  Y*( / r ,  ro)P(ro)  +

+  p IX t (p ,  r n )  -  Y * (p ,  r o ) ]X (co ,  t o ) ] s , ,

I (co,  -  F,  ro)  :  A,(p)  {X*(p,  ro)P(ro)  -  Y*(p,  ro)Q(ro)  -

-  p [X* (p ,  r o )  -  Y * (p ,  t o ) ]X (oo ,  ro ) ] s r .

(36)

t1'7\

In Section 6 we show how to jnd the Q- and P-matrices. For a semi-infinite atmosphere
Equation (36) gives

I (0 ,  p )  =  A , (p )H*(p)  [Q +  pH*(o) ]s ,  . (38)

All the formulas given in this section were numerically checked by exploiting the method
of discrete ordinates. The package of FORTRAN subroutines written for an atmos-
phere with constant sources after having changed the block of determining the particular
solution is applicable to the problem with linear internal sources as well.

5. The X-, Y-, and H-Matrices

In determining the external field of radiation for the case under consideration (and not
only for that) we need the X-, Y-, and H-matrices. The determination of the first two
and some of the properties of the H-matrix will be given in this section.

Equally *'ith the well-known nonlinear integral equation for the H-matrix (Domke,

ASTR Art. No. 8687 P I P S N o .  l l l l l



EXTERNAL RADIATION FIELD IN RAYLEIGH.<AEANNES ATMOSPHERES 7

1972) weobrain

I

H(p)= r.*)uJ n,r,, Yff or, ,

there exists a linear integral Jo"*,on (Mullikin, 1966; Domk e, 1972) as

I

H(p)r(s) = r. *!, 
I 

\4Ktl on,

where

t

T(z)=t  * !u  f  Y(p ' , )  ou"  z= l - t , t l .  (41)
2 ! ,  p '  _ z

The matrix T is defined in the complex plane with the cut [- l, l]. Extending the
H-matrix in the complex plane we observe that

(3e)

(40)

(42)

From Equations (40) and (42) follows that

H(z)T(z )=  [H* ( -z ) ] - ' ' ,  (43)

which is very similar to the respective result in the scalar theory.
Substituting Equations (al) and (42) into (43) and expanding the result in exponents

of z - | , Domke (1972) has obtained a general formula which connects the moments of
the H-matrix. Here we are interested only in that of the lowest order

n - r:.Yo = (E -;lho*)(E - *rno), (44)
where

and
I

P

Yo=  lw (p )dp .. J
o

For the scalar case it is possible to find the zeroth moment of the l/-function explicitly

but for the matrix case we can find onll'' some relations between the moments insufficient

to explicitly define them.

I

I

th = |  H(p)Y(p)dp
J
o

Art. No. 868? P I P S N o .  l l l l l



8 r. vrrr

We may point out a way to obtain another set of relations between the moments of
the H-matrix by exploitingthe quadratic integrals of matrix transfer by Ivanov (1990)
(cf. Rybicki, 1977). Ivanov has found that if the internal sources of radiation in a
semi-infinite atmosphere are not polarized

ro/ = .ro, = )(t - l) ,

then in the ({ r)-representation the following statement is valid

atsi(0) + 2s,2(0) l  :  3(1 -  ,1).  (45)

By use of Equation (25) we obtain from (45)

[ H , , ( . c )  + H r r ( e ) ] 2  + 2 [ H r r ( a ) +  H r r ( m ) ] 2 =  3 ( ( t  -  1 ; - r .  ( 4 6 )

Ivanov has considered a strange but nevertheless rather fruitful non-physical situation
with the internal sources

and

t -
I o , =  - - 7 A - L r o r l ) ,

vd
where symbol t is used instead of s to distinguish this problem. For this case lvanov
has obtained that

a[t7(0) + 2t?(0)] = 3(l - zroc,t). g7)

After substitution we have

I2Hrr (qo)  -  H ' r (q ) ) '+  2 l2Hr r (m)  -  Hr r (a ) )2  =  6 ( t  -  *cA) - r  .  (48)

The third relation may be obtained from the result by Ivanov in the form

s,(0)r,(0) + s,(0)r,(0) = Q. g9)

Again, after substitution we obtain

2H?r(q) -  H?r(q) + 4Hj,(a) -  2Hlr(n) + H,,(e)H,r(oc) +

+ 2Hrt(a)Hrz(,r)  = 0. (50)

The results (46), (48), and (50) may be evaluated in momenrs of the H-matrix since for
It - e Equation (39) gives

H ( o ) = ( E - + , t h o * ) - "  ( 5 1 )

where

,,,=ft(r-z,"c,i)

I

I
h^ l  =  I  Y( t )H *  (dp^  dp ,  k  =  0 ,  l .  2 ,  . . .  .

J
o

(52)

P I P S N o .  l l l I IASTR Art. No. 8687



RADIATION FIELD IN RAYLEIGH<ABANNES ATMOSPHERES 9

Next we show how Equations (19) and (20) may be used to derive a basic set of
integrodiffercntial equations for the X- and Y-matrices. The way of doing it is very
similar to that of in the case of scalar transfer. Thus, if we differentiate Equations ( I 9)
and (20) with respect to parameter to we obtain

6X(P' zo) = o*(ro, ro)Y(p, ro),
oro

dY(p' to) - -y(p, riltr + o*(ro, ro)X(p, co).
6to

In deriving these equations we have used the Krein-Bellman formula

8O(?, r.)

(53)

(s4)

(ss)

(s6)

(58)

6to

It is possible to show

O(ro -  z ,  ro)O(ro.  to) .

that

Thus we have derived a system of integro-differential equations which are easy to solve
after substituting the integral in Equation (56) by a suitably chosen quadrature formula.

The respective boundary conditions may be found from F4uations (19) and (20)

X ( p , 0 ) = Y ( p , 0 ) = E . (s7)

We note that substituting the integral in Equation (56) by an approximate sum provides

us only with the values of the X- and Y-matrices at the quadrature points. However,
this difficulty may be overcome by using the nonlinear integral equations (Domke, 1972;
Viik. l99l) in the form

' i
o * (zo, ro) = ̂  r I v(p)Y * (tt, r) dpltt .

I J

1  f  r r r z " ' r

X(p, ro) = E * i ;,p | 1:v [X*(p'. ro)X(p. ro) -
2  J  l t ' + l t

-  
"-(r ' ,oro)Y(p, 

ro) ldp'  ,

' i
Y(p ' ,  zo)  =  Eexp(  - ro lp )  * :Ap |  [Y- (p ' ,  to )X(p ,  ro )  -

t J

-  X*(p' ,  ro)Y(p, to) ldp'  . (5e)

In the matrix case it is evidently impossible to obtain simple relations between the
moments of the X- and Y-matrices. This is explained by the non-commutativity of the

ASTR Art. No. 8687 P I P S N o .  l l l l l



T.  V l tK

relevant matrices. However, it is possible to find the values of of the X- and Y-matrices
ar p+ @. We obtain from Equations (58) and (59)

X(oo,  to)  = Y(co,  to)  = {E -  } , t [xo*(re)  -  yd(ro) ] ] - t , (60)

where

( 6 1 )

and

k  =  0 ,  1 ,  2 , . . .  . (62)

6. The Q- and P-Matrices

To evaluate the external radiation field for the atmosphere with linear interval sources
we need the Q- and P-matrices. In the following we show how to find them.

We may write Equation (39) in the form

i
xJ(to) = |  v(p)X*(p, r)po dp

J

I

f
yo* (to ) = |  V(p)V * (t t-  ro)Fr dF ,

J
o

aHG)=lrrrrr I
0p  2  " ' J

, t
H- ' (p)=E- : , rA-  *11 i

,  -  
2J

o

yk ' )H*. (p ' )  
F,dt t ,  .p+p

(63)

(64)

If e differentiate this equation with respect to p we obtain

Y/. (p ' )H*(p ' )p' dp'H(p),
0, + p')'

s!nce

oH- '(p) 
= _ ff - ,6i dH(p) 

H - ,(p) .
op op

Thus, according to Equations (52) and (6a) we have

Q = l, iH(.o)hi H(m) . (65)

The respective equations for the Q(ro). nO P(ro)-matrices are more complicated. First,
we differentiate Equations (58) and (59) with respect to p. This results in a set of coupled
linear algebraic matrix equations which may simply be solved and the respective derivef
found. Since we are interested in determination of the Q- and P-matrices, we do not
dwell on that point. If we multiply the differentiated equations by p2 and approaching

Art. No. 8687 P I P S N o .  l l l l l



EXTERNAL RADIATION FIELD IN RAYLEIGH<ABANNES

the limit F--+ a we finally have

lE - l ixf (ro)JQ(ro) + !,1y0*(ro)P(ro) =

j,t[x;1co) - yi (ro)]X(co, ro) ,

j.lyo*(zo)i+ [E - j,lxo*(ro)]P(ro) =

= Ezo + j , t [x ; ( ro)  -  y i (?o) ]X(@, ro)  .  rc7)

This is a linear algebraic matrix system which can easily be solved if we take into account
Equation (33). The solution is

(66)

(68)

(6e)
Q(ro) = @ - i l -  |  [y -  ropX(co, ro)] ,

P(ro) = @ - f l ) - '  I roaX(co, ro) -  ]1,

where

q = E - i , t * o * ( " o ) , B = I'vtko)
and

y  =  j ; 1x ;1 ro )  -  y i ( r o ) lX (co ,  ro ) .

This completes the determination of the external radiation field in the case of linear
internal sources.

7. Numericrl Solution end Some Reults

First we note that Equations (53), (54), and (56) are very sirnilar to respective scalar
equations (Chandrasekhar, 1960) which have been solved numerically by Bellman el c/.
(1966). For discretizing the integral term they have chosen the Gauss-Legendre
quadrature rule on the interval (0, l). We have followed their approach and the result-
are of high accuracy, especially when exploiting the scheme by Bulirsch and Stoer (Press

et al.,1986).If the order of quadrature is.l{ we have to solve 8N simultaneous ordinary
differential equations. On a PC/AT 2861287 computer for lf = 16, ro = 5, 1= l, c = l,
Aro = g.g1 and askingforaccuracyof  l0-8theCPUt imewas464s.  For thegiven set
of parameters the fixed stepsize results in much shorter CPU time than the case with
the adaptive scheme though the number of steps for the adaptive scheme is almost three
imes smaller

This example shows that this method for obtaining the X- and Y-matrices compares
very unfavourably with the method described by Viik (1991). Nevertheless, there may
arise situations where the only advantage of the given method - its simplicity - is
substantial.

To check the accuracy of the X- and Y-matrices we have used Equations (58) and
(59). In our calculations Equations (58) and (59) for the interval (0, l) were satisfied to
one part in l0rs (u'hen keeping the stepsize of integration equal to 0.01).

Since the polarizing properties of the Rayleigh-Cabannes atmospheres with constant

ASTR Art. No. 8687 P I P S N o .  l l l l l



I t T.  V I IK

internal sources have been dealt with by Viik (1990a) then in the following we shall
discuss some features of the extenral radiation field for the atmospheres with linear
internal sources

s,r(r)  = s, ,(z) = 4l  -  1)12

It is evident that the closer 2 is to unity the less is the difference between the external
fields of radiation for the atmospheres with constant and linear internal sources. Let us
define the Rubenson degree of polarization (RDP) as

I,(t, lt, r) - I,(r,1t, q)
P(t p, ro) = -:

I,(t, P, r) + I,(r. 1t, ro)

We are mostly interested in RDP at the limb, thus p = 0 and as far as we have confined
ourselves to the external field, r = 0 or r = xo.

In Figure I the values of P(0, 0, cc) as the functions of the depolarization factor c are
presented.  Betweenthecurveslabeled I  ( r "  = 10-u)and4(/ '  =  l -10-6) l iespract ica l ly

0.15

I o.lo

0.05

A  A A  U E - - u . a J J u s d  r  .  ' . , .  . ,  r ,  .  " .  .  ' '  '- - ' 0 0  0 2  0 4  0 6  0 8
c'

Fig r p(0,0) as . r",.",:",::iT:i":"$y":i"lj:fl:"j:;"$lfi,li:$Ti;i*. with rinear internal

t hewho lephys i ca l reg iono fRDPs . I tmaybeno ted tha tP (0 ,0 , cc ) fo rc=  l . 0and l ' 0
approaches 0.2. This is one of the most pronounced differences between the external
fields of radiation for the atmospheres with linear and constant internal sources since
in the latter case P(0,0, m) approaches zero for every c if ,i* 0.

The dependence of P(0,0, o) on the albedo of single scattering is not very strong.
For a pure Rayleigh-scattering atmosphere (c = 1.0) the RDP changes from the well-

1 0

F,'
t 1r/
L ,/' ,/

,'' ,'/

i .,'"' 1,/.',"
t ," ,'/'9'"/ -'"
[ ,,''' ,'')"2"''l 

,,';',t1171''
f, ,i2l'-
W : * u d . * @ , , . u
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EXTERNAL RADIATION FTELD IN RAYLEIGH-{ABANNES ATMOSPHERES 13

known Chandrasekhar-Sobolev limit 0.117129 (Viik, 1990b) at l-.+ I to 0.2 at A--+0
(Figure 2).

0.20 r-
t
l
r
I

0.15

{oro

0.05

r
F t /
L -r'
|  , . = iO  - ' " 'i - . - ] . " _ - - . - -r
r

! -/''
I Q.8 ---"- /
F -./
i -!,.0
l /t s - -

l--9.+
I  oz
t*--.---0.00-4 .-,3 -2

Log('1-\)

Fig.2. P(0,0) as a function of the albedo of single siattering for a semi-infrnite atmosphere with linear
internal sources.

i l  oo

I

l

t o

Fig. 3. P(0,0, t,,) as a function ofthe optical thickness for inite atmospheres with linear internal sources
( c  =  1 . 0 )
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The dependence of the RDP at the limb on the optical thickness for the emergent
radiation at r = 0 is given in Figure 3. The RDP reaches the asymptotic level already
at small optical thicknesses even for the albedos of single scattering close to unity.

The same dependence, only at r = rs, is given in Figure 4. We observe that both

-, 0

Fig. 4. P(ro,0, to) as a function ofthe optical thickness for finite atmospheres with linear intemal sources
(c = 1.0).

P(0,0, ro) and P(ro,0, to) are negative for small optical thicknesses. Our calculations

have shown that it is possible to find such an atmosphere with linear internal sources

for which both P(0, 0, to) and P(ro, 0, ro) are zero simultaneously. This curious situa-
tion takes place for ro = 3 .37 if ,1 -+ I . I 3 3. In this connection we would like to point out
that the method of determining the X- and Y-matrices (and, respectively, the Q- and
P-matrices) given in Sections 5 and 6 is powerful enough to cope with the problems with
1 >  t .

From Figure 4 one sees that the distribution of P(ro, 0, to) has a minimum the
location of which on the ro-axis depends weakJy on ,1, extending from ro = 0.60 at A - 0
to ro! 0.97 at l.- 1. The same behaviour of polarization at the limb is encountered
when considering finite atmospheres with constant sources. In this case the minima are
shallower and they occur at optically thinner atmospheres (the respective region of
optical thicknesses is from 0.31 to 0.67).

In Table I we give the values of the Q*-matrix in 10 significant figures while

e*=( l_,1)e.
To guarantee this accuracl,we have used th atrod of de Rooij el a/. (1989) for obtaining
the H-matrix while the order of euadrature was N = 91.

o t o

0 0 6

0 0 2

-0.02

-0 06

1--'----- 
-*--'----'--l

J r =0 ssssss 1
i ---"-1
1 ,-- -"- l)  - . - '  099JI ' -'--=''-1
1  , "  - - ' ' '  i
1 . , ' - "  I
I  ! . /

i  , ' : "  os j----t
I .,'
j .*'"- 

-----__-l

|  . i  c=Io ]
1r,l l
1\{ *.,-r::g--+,, ,*--J
0 1 0 2 0 3 t
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EXTERNAL RADIATION FIELD IN RAYLEIGH<ABANNES ATMOSPHERES

TABLE I

The Q'-matrix

QttQztQ t ,Q , ,

0. l 00000
0.300000
0.500000
0.700000
0.900000
0.990000
0.99900
0.999999

0.100000
0.300000
0.500000
0.700000
0.900000
0.990000
0.999900
0.999999

0. l 00000
0.300000
0.500000
0.700000
0-900m0
0.990000
0.999900
0.999999

0.1000fi)
0.300000
0.500000
0.700000
0.900000
0.990000
0.999900
0.99999

0. l 00000
0.300000
0.500000
0.700000
0.900000
0.990000
0.999900
0.99999

0.00?7317911
0.02495397M
0.0457735667
0.0732820482
0.n'19484424
0. l 648 109 140
0. I 8539846?9
0. I 874765040

0.0088716t80
0.0276 l 00636
0.048668400 I
0.074'r750661
0.1160001016
0.1 603552 r 82
0. l 802986528
0. I  823 197632

0.0r 00663937
0.0307r 73613
0.0526107528
0.0776692003
0.1 l4?030354
0. r 555206084
0. I 7465 r 069 I
0. r 76608265 l

0 .0 t  l3 l89952
0.034357 r 5?9
0.05797 10465
0.0828213714
0.1 148575037
0.t502423914
0. I  682335?3 I
0 . 1 7 0 1 1 6 1 6 5 1

0.012632489 l
0-0386297599
0.06s2967231
0.09 l  8323079
0. r  185878388
0. r44555 l  399
0. r 606199386
0. r 624084796

c -- 0.20

0.0 | 68060949
0.054337 1 383
0.0990685778
0.15595479t'l
0.242't627001
0.3308520 I 95
0.3'108122293
0.374953 l  643

c = 0.40

0.0 t44092753
0.0478739 l  9 l
0.0897855942
0.14548273 I 8
0.2330036295
0.32 t353r336
0.36060713 l9
0.3646396284

c = 0.60

0.0l|9421616
0.0408 I ?9656
0.0790389222
0.1327639823
0.221236r65 I
0.3 106884573
0.3493025 I 36
0.3532 16s385

c = 0.80

0.0094032865
0.0330?49 I 60
0.066386 r032
0.1167084677
0.206r l9?913
0.2982762984
0.3364495228
0.340232 I 598

c = 1.00

0.0067873402
0.0245294643
0.05 r l 866557
0.0953656453
0. l 845452028
0.28282046t0
0 .321 r8 r5636
0.3248 r 63842

0.00606 l 8809
0.0212422222
0.M19122941
0.07 l  3861 878
0.12M808957
0. I 707 t44384
0.1922192952
0.1943?5 r 623

0.0054523725
0.0 19583 I 747
0.0396sss356
0.0693955 l 92
0.120370t770
o.t't255734t1
0. r 94525900 |
0.196? 105237

0.0048 t4290 r
0.0 I ?6685 133
0.036741 1359
0.0663E77 l 07
0.r  t9552r452
0.1 7,+4704 1 14
0.1970546504
0.199272r053

0.004r46t470
0.01 54531460
0.0129459470
0.Mt7872992
0. r l 73560879
0. r 763978 140
0.19890r r40
0.202146996

0.0034463592
0.0r28815369
0.027942t630
0.054536 r 894
0.1 120964683
0.1780973194
0.203 19073 l3
0.2055000 192

0.0203371344
0.0635356237
0. i l18815966
0.1700867158
0.255835 l  384
0.343564861 7
0.384463 r400
0.3887505?36

0.0215'722764
0.06?0685 147
0.1172353202
0. l  76336898 I
0.2613198009
0.34802656 I 5
0.3890848758
0.393421 3823

0.0228433372
0.0709268670
0.r2344875t8
0.1 840024 1 82
0.268 1067855
0.353049 r 644
0.3941 555600
0.3985446784

0.024t520073
0.075 I 622698
0.t1078M677
0.193770/.290
0.277 1053435
0.35894 r 3067
0.3998490657
0.404294688?

0.0255000833
0.0798377235
0.13960417 t2
0.206867796s
0.2904407082
0.36U345224
0.40&962440
0.41 l00l |  969
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8. Conclusions

We have shown that it is possible to find the external field of radiation for the
Rayleigh-Cabannes homogeneous plane-parallel atmospheres with constant or linear
internal sources using the resolvent matrix approach without knowing the resolvent
matrix itself. This problem may be reduced to a mathematical problem of determination
of the X-, Y-, and H-matrices and their derivatives with respect to angular variable.

The described approach renders the numerical results very accurate.
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