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, \hstr : rct .  Assuming that  thc '  Ravlc igh-scat tcr ing atmosphcrc of  a p lanct  i :  hotrogci lc 'ous at td p lane-
par:r l le l  rvc c\ t i lnatc lhe inf lu! - l rcc of  non-conserr l r l iscness of  thc l tnrosphcre and t l rc  statc oI  polar iz-

i i t i ( )n o i  thc rnci t lcrr t  radiat ion upon thc Phasc currcs hoth l i r r  l lur  and polar izar i r rn.

l .  Introduction

About  twenty years ago the opt ica l  propert ies of  the c louds of  Venus were under
carefu l  scrut iny.  I t  appeared that  the measured polar izat ion was a verv sensi t ive
funct ion of  wavelength (Cof feen and Gehrels .  1969).  thus a l lou, ing to ru le out
manv speculat ions about  the ph1's ica l  const i tuents of  the c louds.  Assuming that
the atmosphere of  Venus is  Rayle igh-scat ter ing Horak (19,50)  had made the f i rs t
ca lculat ions based on the resul ts  of  Chandrasekhar (  1947).This work was cont inued
by Horak and L i t t le  (1965).  These calculat ions showed c lear ly  that  the major
contribution to the polarization reflected from Venus in the range of 3400 to
9900 A was fronr aerosols rather than moleculcs as was later rrroved bv irr silrr
experiments.

Horak (1950) emploved the in tegrat ion over  the v is ib le crescent  of  Venus thus
general iz ine the exact  method e ivcn by Schoenberg (1929) tbr  local  scalar  ref lect ion
according to the laws of  Lambert  and Lommel-Seel iger .  Since Horak (1950) had
to extensivel l ,  in terpolate betw'een the tabular  va lues h is  calculat ions were in
considerable error  as has been shown bv Kat tawar and Adams (1971) rvho had
used the invar iant- imbedding approach (Adarns and Kat ta\ \ ,ar .  1970) and the
Monte Car lo method.  However these errors could not  change thc 'verd ic t  on the
hypothesis  of  the molecular  atmosphere.

Though the problenr  of  the ph,vs ical  const i tuents of  the c lc luds of  Venus is
comfor tablv  set t led i t  is  of  considerable in terest  to  determine the f lux and polar iz-
at ion of  the radiat ion ref lected f ronr  an imaginarv p lanetar \  a lmosphere assuming
thL-  non-conservat iveness and l inear l l '  po lar izc 'd inc ident  l lur .

This task turned out  to  be a rather  easv onc af ter  * 'e  had compi led a package
of  FORTRAN subrout ines to solve the vcctor  equat ion of  t ranster  (Vi ik .  l9S9).
Thc 'solut ion is  basecl  on the rncthocl  of  c l iscrete ord inates br  Chandrasckhar (19f i ) )

and on thc ke ' rnc l  approxinrat ion nrc- thocl  (Vi ik  c l  a1. .  l9 f i .5  i .

IL t r t l t .  , \ loo t t .  t t r td  I> lu t t ' t s  (X) .  ( ) (X) ' ' {X) ( ) .  199{ ) .
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2.  Fornru lat ion o l ' the I ' ro l t lenr

We consider  a p lanctarv atnrospht ' rc  being i l lunr inatcd Lrr  a para l lc l  bcanr  o l '
rac l ia t ion.  the state of  polar izat ion of  *h ich de pt -nds on the c()nr l )onL'nts of  i t :  f lur

F :  ( F , .  F , .  F L .  F t \ l

Naturaf  l ight  is  descr ibed bv thc '  set  F/  = F,  :0 . -5.  Ft . :  Ft  :  0 .  [ - inc '1r ly  pgl l r izct l
l i g h t  i s  d e s c r i b e d  e i t h e r  b 1 '  F r :  l .  f  , :  F r :  l ' r ' : 0  9 r  b y  f  r :  f  t  :  F r ' :  ( ) .  l ' ,  =  1 .

Usual lv  the t t r l low' ing rssurnp( i ( ' )ns are nrrdc:
( l )  The p lanetarv at rnospherc-  is  honrogencous and local lv  p lant ! -par l r l lc l  s ince

the geonretr ica l  th ickness of  the atnrosphere is  vc-rv  snla l l  conrpared u ' i th  the rac l ius

of  the p lanet .
(2)  The atmospherc is  hor izonta l lv  homogeneous.
(3)  The d is tance betrveen the p lanet  and the source of  i l luminat ion is  in f in i te lv

large ( inc ident  beam is  para l le l ) .
(4)  The atmosphere is  bounded bv a Lanrbcr t  bot torn s i th  a lbedo A.
\ \ 'e  computed the f lux.  the polar izat ion and thc '  a l l ' redo of  the radiat ion ref lectc-d

from such an atmosphere.

Since Horak (19-50) was the first to discuss this problem u'e shall adopt his
no ta t i on  as  has  a l so  been  done  b1 'o the rs  (Ka t tawar  and  Adams .  l 97 l ;  de  Roc l i j ,
1985).  Let  pbe the p lanetarv radius.  r -  the d is tance between the Sun and p lanet .
R -  the d is tance between the Sun and the Earth and I  -  the d is tance betrvcen
the Earth and p lanet .  Phasc-  angle o is  the angle Sun-planet-Far th.  In  F igure I  P
is  an arb i t rar l 'po int  on the p lanetarv sur face.  i  is  the longi tude and 4 is  thc '

co lat i tude.
We set  up a local  coordinate systcm at  the point  P choosing the outu,ard normal

as the z-ax is , . r -ax is  is  chosen so that  the az imuthal  angle d, ,  for  the inc idcnt  so lar
rav is  zero.  Havinq def ined.r  and : ,  the l  fo l lows f rom the assurnpt ion of  a r ight-
handed coordinate svstem.

At the point P the an-eles of incidence and reflection are defined as follou's

A 4 r :  c o S  F :  s i n  4 c o s ( ( -  n ) .  ( t )

l . r  :  cos 0:  s in 4 cos { .  (2)

where p and d are acute anqles.
Accordinq to the formulae of  spher ica l  t r igonometry the az imuthal  ansle of  the

ref lected rat ' is

,nt  / :  (cos f l  cos B -  cos r r ) (s in f /  s in  p)  r .
/ /

s in, /--  s in rr  cos 4(sin 0 sin F)-.  (+)

In  c l rder  to  f i r rd  the  l lux  and po l r r r i za t i ( )n  ( ) \ ' c r  a  p lanet ' s  d isc  *e 'h i rvL ' to  ro ta tL '
the Stokes vect()r '  t rv thc anglc <1. uhcrc

(-r)
/ r ,,r
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c o s d = s i n 4 s i n ( s i n { i )  ' '  ( 5 )

s i n  S  :  cos  4 (s in  d )  -  ' '  ( 6 )

Respect ive l r ' .  the matr i r  o f  I inear  t ransforr r tat ion is  the fo l lor r ing (de Rooi j .  198-5)

/ t  
( )  o  o \

I t l  ctrs 2<r5 sin lt i  o \rtd) : 
I  o -sin 2<] c.s lr.6 o ,

\ ; 00 , , /

The next  s tep is  to  f ind the d i f ferent ia l  sur face area do;r t  the point  P

do:  d s in 4 d4 d( .  (7)

To obta in the f lux densi ty  ancl  polar izat ion rvc in tegrate the Stokes vector  over

the v is ib le crescent

D: (p/J) r j (cr )  = (p/J) r  f  
"Un1r ' , ,  

,7) '  I  c i6L(d) I ( r ) .  r r .  i .  e)cos i .
-.1 o .l ,, -rt

( l ' i )

u,here I  is  th t -  Stokcs vcctor  at  thc noint  ( )



3.  \ t rnrer ica l  l lesul ts

Therc arc at  least  thrce rnct l ro( l \  t ( )  nul l tc l ' ica l lv  in tcgr-atc Ecluat ion ( f i  ) .  t l rc  l i rs t
of  t l te 'nr  r ras c laboratcd bv l {orak (19.r0)  ancl  thc othcrs bv c le I {ooi j  (  l9 f i .5) .  S incc
our r lc thod to f ' ind thc.  Stokes vcct( ) r  ( \ / i ik .  l9S9) c loes not  dc-pend ( ) l t  the prc-
scr ibed set  c l f  p  and gn,  r 'a lues ( rvc neccl  no in t r ' rpolat ion)  thus \ \c  rnay cxplo i t  t l rc
mct l t ( )d bv Ht t r l rk  ( i95() ) .  Hence rve r t takc thc fo l low' ing t ransfornr l t ior r

{ : : ( 2 s i n ( + c c l s t t -  l ) ( c . s t r *  l )  I

i / :  cos  4 .

( e )

(  l ( t t

Thcn

or in  scalar  notat ions.

j ( . ) =  l / 2 ( c o s a +  1 )
f  - t  r ' l

I  d r ( l - , F ) ' t  I  r l { L ( < / , ) l ( { ) .
J '  J ,

,/r. i. s).

I

d€/ (0 .  ,1 , .€ . ,p ) .
I

t

d6[1(o .  A .  { . , t )  c t . rs  2S +  8(0 .  A .€ .  d  s in  2d ] .

( l l )

( 1 2 )

l )

I
l )

I

I Atv)

f- ,'
i u (a )

.  f t '
J,

= l /2(cos a +

d,141 -  A2)" :

= l/2(cos ct *

dr( l  -  r7 i l t ' :

(  13 )

Horak (1950) and Kat ta$,ar  and Adanrs (197 l )  per formed the f i rs t  in tegra l  bv a
quadrature emplo l , ing Chebl ,shev polvnornia ls  of  the second k ind and the second
integra l  bv Lesendre-Gauss quadrature.  We used for  both in tesra ls  Legendre-
Gauss quadrature of  the order  of  M:6 u,h i le  the order  for  the d iscrete ord inate
rnethod was N:8.

To test  the sche mc of  numcr ica l  in tegrat ion \ \ ,c .  too.  compared the e. \act  resul ts
cc lmputed for  Lambert ' *  1 .11 1:prr :  nanrelv .

j ( " ) =  2 / 3 c o s c r ( c o s  a s i n  r r *  T -  d )  +  l / 3 s i n  a ( l  - c o s 2 c r ) .  ( l - l )

wi th the resul ts  obta inecl  bv the nunter ica l  quadrature.  The maximum re lat ive
e r ro r  f o r  M :6  was  2x  l 0 - r  and  fo r  , \ l  : 12  -  3  x  16 - ' t .  I t  i s  c l ea r  t ha t  t he  f l ux
ref lected bv a p lanetarv atmosphcre is  larger  i f  the atntosphere is  less absorbing.
Figure 2 shows that  at  smal ler  phase anules th is  d i f ference is  more pronounced
t l . ran at  larue phasc anglcs.  J 'h t -  f lur  decreases rapid lv  in  the r tu i t )n of  phasc anglcs
f rom -10 ' to -70 ' .  Then the decrearse cont inuous at  a s lo$er  pace up to . - l -1() '

v 'u 'here i t  again bcgins to decrease nrore rapid l r ' .  This  l rchar , iour  is  the sarne for  a l l
a lbcdos of  s ins lL 'sc i t t tcr ing.  \ \ /e  s 'cre c-speciu l lv  in terested in  hr t* ,docs the non-
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e( ) r t sc rv l t i v cnL ' \ \  i n l l uc l ) ce  t l r . ' t l ug rcc  o l  po l r rnz - i r t i o l r  o l  t hc  f c l l c c t cd  r i r t l i a t i o l t .  l t

i r l ) pca rs  t ha t  t h i s  i l r t l uencc  i s  r ' r ( ) l  \ c r \  l r r r gc  s i r r ce  t l r e  dcg rcc  o f  1 ' r o l i r r i z i l t i 0 r ' t  l o r
A :0 . . 1  und  , \  -  1 .0  c l i l f ' c r :  u t  l n ( ) \ t  10 " , '  i n  t l t c  r cg ion  ( ) l  ph i r \ c  a t t g l es  l r o rn  f i ( l

t o  l l 0 "  on l r ' .  t hc  c l cg rce  o t  po l l r r i za t i on  bc ing  l r r r gc r  l i r r  \ r na l l c r  , \  (F i su rc  - i ) .

Apprt ' rx i rnatc lv  the sanlc nr i rv  be ot rscrvcc l  u lso in  thc cascs n l rcn the inc ic lcnt

r i r d i a t i on  i s  r t o t  nu tu ra l  l r L r t  l i nc l r r l r 'P t l l i r r i z c t l  c i t hc r  i n  /  t l r  i t t  l  c l i r cc t i on  ( [ j i { t r r e .

{  anc l  - 5 ) .
I f  the inc ic lcnt  raal i i r t i ( )n i \  r lo t  pol l r izec l .  the c lcsrec of  polar izat ior t  o f  t l . tc

r c - f l ec t c - c l  r ad ia t i on  i s  pos i t i r c  i r l n r ( ) s t  i n  t hc 'who l c  r cg ion  o f  phusc  i l nq l cs .  O r r l r  a t
\ r ' r v  l a rge  phasc  ang l cs  t hc rc  cN is t s  a  s rna l l  ncga t i vc  po la r i za t i on .  One  i s  i nc l i ncc l
lo  supp()sc that  i f  thc inc ic lent  rat l ia t ion is  I incur lv  polar izcc l  i r r  /  c l ' i rccr ion ( in  th. -

p la in  o f  t he 'n ra in  r r c r i d i un )  t he  nega t i r e  p t l l u r i za t i on  s i l l  p r cva i l  t b r  u i l  phu :c

ang les . ' I h i s  i s  no t  t he  casc  s incL ' t he  c l cg ree  o t ' po la r i za t i on  becon les  ncga t i \ . c  on l \
a t  app ro \ ima tc - l _ r ' 130 ' i f  t he  op t i ca l  t h i ckness  i s  0 .2  (F iuu rc  - l ) .  And  v i cc  ve rsa .

i f  t he  i nc iden t  rad ia t i on  i s  l i nca r l l ' po la r i zcc l  i n  r  d i r ec t i on  t hc re  c ' r i s t s  a  sn ra l l

region of  negat ive polar izat ion f rom 0 '  to  20 '  (F igure -5) .
Kat tauar  and Adanrs (197 1)  pointcd out  that  for  ground a lbedos other  than

zero the polar izat ion phase curves are skeu'ed touard larecr  phase angles s ince

the unpolar ized radiat ion f rorn the-  sur face rv i l l  have less of  a chancL- to escape

for  larger  phase anelcs.  The nonconservat ive atnrospheres show the same t rend

as observed in F ieure 6.
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In  F igure 7 we g ive the dependence of  thc '  spher ica l  a lbedo of  a p lanet  on the

albedo of  s ingle scat ter ing in  i ts  atnosphere.  For  th icker  atmospheres the spher ica l

a lbcdo increascs steeplv toward largcr  A-s.

4. Conclusions

The preceding calculations and discussion have concerned eft-ects associated rvith

non-conservat iveness of  the Rayle i_Uh-scat ter ing p lanetary atmosphere and u ' i th

the d i f ferent  s tates of  polar izat ion of  the inc ident  radiat ion.
I t  is  concluded that .  in  our  model .  the ef fects are rather  pronounced.  thus

al lowing to bet ter  unclerstand the physical  s i tuat ion in  real  p lanetary atmospheres.
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