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Abstract. A generalized principle of invariance is derived for a plane-paratlel atmosphere. On the
basis of this principle a method for determining the radiation field in a multilayer atmosphere is
proposed. This method, the first part of which is the well-known adding method. permits the
application to prublems involving optically finite a5 well a3 semi-infinite atmospheres. The reflecting
boundaries may be incorporated, though in that case it is not possible to use the adding method.

Some numerical results are given for the standard and Milne problems and fur the problem with
internal sources.

1. Introduction

Let us consider a finite plane-parallel inhomogeneous atmosphere of optical
thickness 7, without internal sources in which both absorption and isotropic
scattering take place.

The upper and lower surfaces of this atmosphere are illuminated while the
intensities are I,(0, ) and Ig(7, —p), respectively. The angle of reflection
arc cos u is measured with respect to the inward drawn normal. Cogley and
Domanus (1972) have shown that there exists a relation

1
B(r, 1) =%J; (L. (0, w)J (7, w, 1o} + a7, —w)I {1, w, )] dw, (n

where B(r, 7,) is the source function for the problem considered, J is the source
function for the standard problem, i.e., if the uniform paraliel rays of net flux
mFw are incident on the top of a plane-parallel atmosphere. J is the source
function for the reversed standard problem, i.e., the uniform parallel rays of the
same net flux are incident on the bottom of a plane-parallel atmosphere. The
acute angle between the inward drawn normal and the direction of the incident
rays is arc cos w.

The reiation of Cogley and Domanus is a starting point to obtaining many
well-known principles of invariance as well as their generalizations for in-
homogeneous atmospheres.

2. Principle of Invariance

Firstly, let us consider the standard preblem for an atmosphere of optical
thickness , consisting of three luyers of optical thicknesses 7, 7., and t+. In this
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case it is possible to deduce the following formula for the second tayer (as the
most general layer in the sense of illumination)

AT 4 g, o) = 1CE 1, ps 72) eXp(f 51) +
u
t
+ I(TI! M, Ly, 7()) cxp(i 7)6(}1-)
’J. ——
Sa KPR TIRTI | exp(l;—é)ﬁ(— n)+

!
+ %J‘ I(t, o, w7 (), W, g, 7o) dw +
u

o I L
+ %J I(t! M w, 72)1(7129 - W, Lo, TU) d“’, (2)
1]
—l=u=l,
where
TR 7, + 7,
L w0,
1‘}(,(1)—{ 0, wp<0,
and the optical depth t is measured from the level 7 = 7.

If the second layer is homogeneous, then

r(f, M Ky, ‘Tz) =I(r,—t, TR, R, T2)

From the relation (2) it is possible to derive the principles of invariance of
Ambarzumian (1960), Chandrasekhar (1960), lvunov (1975), Yengibarian-Mnat-
sakanian (1974), Ivanov (1976) and Yanovitskij (1979) for inhomogeneous
atmospheres as well.

It is important to stress that relation (2) is valiid also for the case when there
are no incident rays and the radiation field in an atmosphere is created by the
internal sources. In this case we have p,— = and

t
I(r +t, w, 7o) =I{t, p, 12} + 1(7), w, 1) exp(A ;) Slu)+

Tlff

+ I(7, ., T} exp( )ﬁ(—u)+

I
+% I, o w, 7T, w, 7o) dw +
1)

2 (-
+Fj I, wow, 731 (75, —w, 7)) dw, ~l=us=sl.
0
(3}
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much easier to start adding the layers from the bottom if the layers are
inhomogeneotls.

The last step of addition results in obtuining the emergent intensities from the
whole compound atmosphere and the intensities at the first contact surface. In
order to find the intensities at the other contact surfaces we make use of the two
relations which follow from relation (2). For an atmosphere consisting of three
layers we have

1070 poy 7o) = Tral s g, 12) CXP(* l) +
Mo
o
+ 107y, g, o, o) exp(— :) +
bl 1
+ _I‘_:T'J- I(T'_‘! H, W, TI)I(TI! W, o, Ti)) d“' +
{n
3t
+ —I'::j Flray oy w7 (70, — W, e 7ad d (9)
0

»

T(T2, = s 7o) = 10, —p, g, 7y — T12) CXP(i ;2) +
u

b 1
+ fJ' IO, —p, w,omg — 1 (rn, wo e, T dw . (1)
1]

It is easy to see that in Equations (9) and (10) only intensities T{7,>, T, gy, 70)
are unknown. They may be found by solving the integral equation. This is the
point where we use the intensities we have stored in the forward sweep. This
process may be continued downwards (backward sweep) until all the intensities
on the contact surfaces are found. If we are interested in the intensitics at
arbitrary optical depth then these intensities may be found by using relation (2).

The backward sweep described in a paper by the author (1981) is more
complicated and laborious. Being based on the use of Chandrasekhar principles
only rather than relation (2) it does not permit application o semi-infinite
atmospheres.

If the radiation field in a multi-layer atmosphere is created by internal sources
the described approach is valid after the formal change w,— =,

4. Radiation Field in a Semi-Infinite Atmosphere

The method proposed is applicable to a semi-infinite atmosphere if only the
albedo of single scattering approaches a constant value Ay, when 1 == In this
case it is posstble to separate almost homogeneous semi-infinite atmasphere with
the albedoe of single scattering A, and the rest of the atmosphere can be divided
into optically thin layers which may be considered homogeneous. After such a
division we may proceed as described above since the downward intensity at
7% is of no importance for this scheme.
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10, p, 1) = '2[ Aalp, wH, —w, to)w dw, {17
1)
|
(7, M, To) = 2J Puli, wi (g, w, To)w dw | (18)

Iz, s 1) = T (7, .o To) + 10, e, 1) eXp(f ig) +

5 gl
+ f: J I(my, v, T w, 7) dw +

-
ks % [(0, T, W TU}I(T[)‘ W, Tl]) dw N (19)
it

where I* means the intensity in the same atmosphere without reflecting boun-
daries. System (16)=(19) is to be solved as a whole.

If the albedo of single scattering depends on the optical depth then the
atmosphere is to be divided into optically thin layers which muy be considered
as h‘omogeneous. In this case we have to write formula {3) for every contact
surface.

6. Hlustrations

As an illustration of the above method we have calculiated the radiation field in
finite and semi-infinite atmospheres where the albedo of single scattering is
described by the following relation (Pomraning and Larsen, 1980)

]
A= [ e+ kb exp(=T)][ 1+ b exp(-1)] (20)
with parameters ¢ = 0.96, k = 0.686954, and s =

In Figures | to 4 the upward intensities for different problems and different
parameter b are plotted. Since the cases with b =0 and b = = correspond to the
homogeneous atmospheres with A = ¢ and A = &, respectively, it is possible to
follow the effects of inhomogeneity upon the upward intensity. For the atmos-
phere with internal source (Figure 2) we have chosen for simplicity

Bo{ry= A(7).

In Figure 5 the intensitics in a2 homogeneaus atmosphere with internal sources
are plotted. The atmosphere is bounded by the Lambert surfaces from the both
sides. The comparison with the radiation field in the utmosphere without
reflecting boundaries clearly indicates the amplifying effect of the boundaries.

All the calculations have been programmed in FORTRAN and performed on a
Minsk 32 computer. In order to obtain the emergent intensities from separate
layers we have used the kernel approximation method (Heinlo and Viik, 1978).
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Fig. 1. The logarithm of the upward intensity versus optical depth for

the standard problem in a finite atmosphere. The optical depth 7, = 28

and arc cos g =08 o~ 12°9. In Figures | to 4 the albedo of single
" scattering is given by formuta (20).
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Fig. 2. The upward intensity versus optical depth in a finite atmosphere
with internal sources. The internal source function is given by formula
(16), 7, = 20 and arc cos p = 1299,
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Fig. 3. The logarithm of the upward inlenstty versus optical depth for
the standard problem in a semi-infinite atmosphere  (ar¢ cos g =
arg cos po = 1299)
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Fig. 4 The logaritbm of the upward intensity versus optical depth for .
the Milne problem (arc cos u = 1279). |
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Fig. 3. The intensities in a finite homogeneous atmuosphere bounded by reflecting Eambert boun-

daries. For the upper boundary A =140, fur the lower boundiry A= 05 The wbedo of single

scattering is 0.8 and the internal source function is given by the formula B.(7) =1 + 27 The dushed
lines represent the intensilies in the sume atmosphere withoul the reflecting buundaries.

7. Conclusions

A generalized principle of invariance has been derived for u plune-parallel
atmosphere. On the basis of this principle 1t his been possible to eluboruate a
method for determining the radiation field in a multi-layer atmosphere. This
method can be used for optically finite and semi-infinite atmospheres. If we have
selected the gaussian quadrature formula of order N then we huve to make an
inversion of an N X N matrix and to store an N x N matrix for every layer.

This method is most suitable for those atmospheres which consist of more or
less homogeneous parts. Since the generalized principle of invuriance is valid for
the case of anisotropic scattering the method is applicabie to more realistic cases
with anisotropic scattering as well.
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