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Abslract .  A general ized pr incip le of  invar iance is  der ived for  !  p lane-paral lc l  atmosphere.  Or thc
basis of  lh is pr incip le a nrethod for  delefmining the radiat ion f ic ld in a nrul l i l rycr  atmospherc is
proposed. This mclhod,  lhe f i rs t  part  of  which is  the wel l -known i rdding nethod.  perrni ts  the
appl icrr t ion lo problcnt :  invohing opr ical ly  I in i le r \  wcl l  a\  !emi- in l in i te r tmo\phcres.  lhe rcf lcet ing
boundar ies mry be incorporaled.  though in that  case i t  is  not  po\s ib le Io use the adding mcthod

Some numerical  resul ts arc g iven for  the strndard and N{ i lne nroblem\ and ior  rhe prrh lem * i th

l .  Introduction

Let us consider a finite plane-parallel inhomogeneous atmosphere of optical
thic.ftness ro without internal sources in which both i lbsorption and isotropic
sc,rttering take place.

'fhe 
upper and lower surfaces of this atmosphere are i l luminated while the

intensities are Ia(0, l) and Ir(t,,, p), respectively. The angle of reflection
arc cos p is measured with respect to the inward drawn nornal. Cogley and
Domanus (1972)  have shown tha t  there  ex is ts  a  re la t ion

)  t l
B(r,  rJ :  i  I

r J r [I,r(0, w)J(r, w, 11) * 16(rn, -rr,)J(r, rr,, ru)] dr,, ( l )

where B(r, r0) is the source function for the problem considered, J is the source
function for the standard problem, i.e., if the unifolm parallel rays of net f lux
'Fw are incident on the top of a plane-parallel atmosphere. i i" the touree
function for the reversed standard problem, i.e., the uniform parallel rays ol the
same net  f lux  a re  inc ident  on  the  bo t tom o f  a  p lane-para l le l  a tmosphere . ' Ihe
acute angle between the inward drawn normal and the direction of the incident
rays is arc cos w.

The relation of Cogley and Domanus is a starting point to oblaining many
well-known principles of invariance as well as their generalizations for in-
homogeneous atmospheres.

2. Principle of Inverlence

F i rs t l y ,  le t  us  cons ider  the  s tandard  prob lem fo r  an  a tmosphere  o f  op t ica l
th ickness  rx  cons is t ing  o f  th ree  layers  o f  op t ica l  th icknesses  i1 ,  i . ,  and  r , .  In  th is
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case i t  i s  poss ib le  to  deduce the  fo l low ing  fu rnu la  fo r  the  sccond layer  (as  the
most  genera l  layer  in  the  sense o f  i l l umina t ion)

I ( r1+  t ,  1 t , i ro ,  ro ) :  I ( . ,  p ,  1 r , , ,  t , ) . *p (  : i )  +

-  |  t \
+  l l r r .  i . r .  s , , .  r 0 )  e x p \  

t , J ( F )
/ ' -  J \' l ( t , . . p .  p , . r u )  c r p (  

u : ) d {  
r , t '

2 - [  
t  t r ,p ,  r ' ,  ; : ) l  t  r . ,  r t ,  uu ,  i , , )  J  r t  r

r J t

)  t t  ,
*FJ, ,  r t t ,  p ,  r r ,  r : ) I ( r1r ,  t r ,pu, r , , )  dr , ,  (2)

I  < p  <  I ,

whpre

' f  
D = ' r t i  7 1  ,

t r , , r : i  l '  t s to '
'  t  0 .  p < 0 .

and the  op t ica l  depth  t  i s  measured f rom the  leve l  i :7 r .
I f  the  second layer  i s  homogeneous,  then

I(, p, ttu, r) : I(r2 t, r!, LLt), r:,.

From the relation (2) it is possible to derive the principles of invrriancc of
Ambarzumian (1960), Chandrasekhar (1960), lvanov (1975), Yengibarian-Mnat-
sakan ian  (1974) ,  I vanov  (1976)  and Yanov i tsk i j  (1979)  fo r  inhomogeneous
atmospheres  as  we l l .

It is important to stress thal relation (2) is valid also for the case when there
are no incident rays and the radialion field in an atmosphere is created by the
internal sources. ln this case we have p0'-'.. and

I  ( t '  + f , p , r n ) =  I ( t ,  p , ,  r )  +  I 1 " , , 1 . ,  
" J  

e x p ( -  ! )  O t p ;  +
\  c /

,  l r r  . .  p .  r .  t  e x p (  
'  ' ' ) R r  

s , ,
\ A /

+2 [ '  t t t ,p,  w, r j l ( r1,  ] r ,  r ,J d*,  +,FJ , ,

+1 [ '  t a , p ,  w ,  r 1 ) I ( r 11 ,  r ' ,  r , )  r lw ,  - r<p<1 .
FJ ,

(3 )
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much eas ie r  to  s ta r t  add ing  the  laycrs  f rom the  bo t tom i l  the  layer 's  a le
inhomogeneous.

The las t  s tep  o f  r \dd i ( ion  resu l (s  in  ob t i r in ing  thc  c lnergent  in teDs i t ies  f ro rn  thc
who le  compound a tmosphera  and the  in tens i l ies  a t  the  f i rs t  ron t i i c t  sur face .  In
order to find lhe intensil ies at lhe other contacl surfaces we make use of the two
re la t ions  wh ich  fo l low f rom rc la t ion  (2 ) .  For  an  a t rn r . rsphcre  cons is t ing  o f  th ree
layers  we have

I ( ;L : .  p .  p . ,  t r , )  =  I ( r : .  L  r . , " ,  " . )  
exp( -  1 )  +

1  f l
+ : ;  I

2 t '-F j

+ J ( r r ,  1 . ,  p . ,  a , )  . *p(  ! )  +

'  ,1."n( , ,r) 
+

I(r1, p, w, rJI(rr, u.', /-ro, ro) dx' +

i t t - . .  1 . , .  u .  r . . , t { r r - .  - x .  F u .  ; , , )  J r  . (9 )

I(rr1, -&, /-rt,, rJ = I(0, - $, tro, r,

*ff rro,- p ,  r r ' ,  r , ,  r 11 )1 ( rp ,  l r r .  t r ! ,  r 0 )  dw .  (  l 0 )

I t  i s  easy  to  see tha t  in  Equa l ions  (9 )  and (10)  o r ) l y  in tens i t i cs  l { rD,  a t r .  / . r r . ;  )
are unknown. They may be found by solving lhe integral equation. 

' l 'his 
is the

point where we use the intensities we have stored in the forward sweep. This
process  may be  cont inued downwards  (backward  sweep)  un t i l  a l l  the  in tcns i t ies
on the  contac t  sur faces  are  found.  l f  we are  in te res ted  in  thc  in ten \ i t i c r  u t
a rb i t ra ry  op t ica l  depth  then these in tens i t ies  may be  found by  us ing  re l i r t ion  (2 ) .

The backward  sweep descr ibed in  a  paper  by  the  au thor  (1981)  i s  more
compl ica ted  and labor ious .  Be ing  based on  the  use  o f  Chandrase lhar  p r inc ip les

only rather lhan relation (2) it does not permit application to semi-infinitc
a tmospheres .

I f  the  rad ia t ion  f ie ld  in  a  mu l t i - layer  a tmosphere  is  c rea ted  by  in te rna l  sources
the described approach is valid after the formal change 1'r..+ r..

4. Radiation Field in e Semi.lnfinlte Atmosphere

The method proposed is  app l i cab le  to  a  sern i - in f in i te  a tn losphere  i f  on ly  the
a lbedo o f  s ing le  sca t te r ing  approaches a  cons tan t  vu lue , \ , ,  when r - -+ . . .  ln  th is
case i t  i s  poss ib le  to  separa tc  a lmost  homoSeneous semi - in f in i te  a tmosph€re  w i th
the  a lbedo o f  s ing le  scu t tc r ing  Io  and the  res t  o f  the  a tmosphere  can be  d iy ided
in to  op t ica l l y  th in  layers  wh ich  may be  cons i r le red  homogeneous.  A f te r  such a
d iv is ion  we may proceed as  descr ibed above s ince  the  downward  in tens i ty  a t
r  - - ' : c  i s  o f  no  imDor tance fo r  th is  scheme.

L
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pr (p ,  x ' ) I (0 ,  -  r r ,  ro ) ry  d r r , ,

t ( , rn .  -g ,  ;J  -  Z 
J , , '  t , , lv , ru) I ( r , , ,  w, ,  11)x,  dw, ,

I(r,,. g. rr ', rn)I(0. }l,, ru) drr,+

i (0 .  -p .  r ' ,  r1 )1( ;n ,  x , ,  rn )  dw,

where  I *  means the  in tens i ty  in  the  same a tmosphere  w i thout  re f lec t ing  boun-
dar ies .  Sys tem (  l6 ) - (  l9 )  i s  to  be  so lved as  i t  who lc .

l f  the  a lbedo o f  s ing le  sca t tc r ing  depends on  the  op t ica l  depth  then the
atmosphere  is  to  be  d iv ided in to  opr ica i l y  th in  layer :  wh ich  nruy  be  cons idered
as  hbmogeneous.  In  th is  ease we have to  wr i te  fo rmula  (3 )  fo r  cvery '  conracr
surface.

6. I l lustrations

As an i l lustration of the above method we have calculated the radiarion field in
f in i te  and semi - in f in i te  a tmospheres  where  the  a lbedo o f  s ing le  sca t t r r ing  is
descr ibed by  the  fo l low ing  re la t ion  (Pomran ing  and l . . i r scn .  1980)

.tto, ir. rJ = I 
/,

I (16 ,  p ,  rn )  :  I * ( ;0 ,  l - r .  ro )+  I (0 ,  p ,  a ; . "n (  ! )  +

( 1 7 )

(  l 8 )

(  l ' ) )

*2 { '
F ),,

.  2  ( 'l-, -

(20)

/ \ '  with parameters c = 0.96, k = 0.686954, and s - 2.
In Figures I to 4 the upward intensities for dil lercnt problcms and dilferenr

parameter  b  a re  p lo t t€d .  S ince  the  cases  w i th  b  :0  and ,  =  r :  cor respond t ( l  thc
homogeneous a tmospheres  w i (h  l  =  ( .  and , \  -  t .  rc rpec t i te ly ,  i t  i s  poss ib le  ro
fo l low the  e f fec ts  o f  inhomogene i t l '  upan the  upward  in tens i ty .  For  the  a lmos-
pher€ with internal source (Figure 2) we have chr.lsen for simplicity

Bo( r )  =  A( r ) .

In  F igure  J  ahe in tcns i t i cs  in  a  hornogeneous a ln tosphc .e  u i th  in lc rna l  sourccs
arc plotted. Tb€ atmosphere is bounded by the Lambert surfaces frrrm the born
s ides .  The compar ison w i th  the  rad ia t ion  f ie ld  in  the  u tmosDhere  w i lhour
re f lec t ing  boundar ies  c lear ly  ind ica tes  the  ampl i f y ing  e f tec t  o f  the  boundur ies .

A l l  the  ca lcu la t ions  have been programmed in  FORT RAN and per fo rmed on a
Minsk  32  computer .  ln  o rder  to  ob ta in  the  emergent  in tens i t ies  f rom separa te
layers  we have used the  kcrnc l  approx imat ion  mcthod (He in lo  and V i ik ,  l97E) .

[ c  
+  r r ,  . xo(  ; ) ] [ '  .  ,  . ^n ( - ; ) ]
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Fig.  I  t  he logar i lhm of  lhe upward inrensi ly  versus opt ical  depth fo l

lh€ standard nroblem in a 6ni le a lmosphere.  The opt ical  depth r f  -  2{)

and arc cor, r  =,cos i r ,  = l2:9.  In FiSure\  I  to 4 the albedo of  srngle
'  

scat ter ing i \  g iven by formula (20).

Fig.  l .  The upward inten\ i ty  versus optrcal  depth in a f in i te r tmosphere
$i th internal  sources.  The internal  source funct ion is  g iven bl  formula

(16).  'L  = 2( l  and arc cos / r  '= l : :9
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Fig.  I  The logar i thm of  the oFward in l€nsi lv  versu5 opt jcal  depth tor

the standard probl€m in a semi- inf in i re atmospherc (arccosg =

arc cos po = 123)

Fig. .1 The logar i lhm of  lhe up$ard in len\ i l l -  versus opl ical  deplh for

lhe Mi lne problenl  (arc cLrs s -  12:9) .
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Fig.  5.  The in lensi t ie\  in !  f in i te homL'gen€ous r lDo\Dhcre houni lcJ bv re ic! l r r rg I rnrbcr l  bo ' r r r

dar ies.  For the upper hound. l ry A -  1.0.  f \Jr  th(  lo$cr buunJ rv .1 -  0 5 l 'hr  : r lbtL l r r  L; f  r inglr

scat ler ing is  0.8 and lhe Internal  source funcl ion ;s g i len by the fof f l ru l , i  ts , ( t )= I  |  ] r  Ih.drrhrd

l i n e s  r e p r . \ € n l  l h e  i n t e n s l l i e \  i n  l b L ' s a m e  r r l r r l o \ p b e r t  $ r l h u t i l  l h e  I r f l c ! t r n t  b u u r r J i r r i c \ '

7. Conclusions

A genera l i zed  pr inc ip le  o f  invar iance has  been der ived  fo r  a  phne-para l le l

a tmosph€re .  On the  bas is  o f  th is  p r ine ip le  i t  b ls  been poss ib lc  to  e labora te  a

method lo r  de termin ing  the  rad ia t ion  l ie ld  in  a  mu l t i - laycr  a ln rosphere .  fh is
method can be used for optically f inile and semi-infinite atmospheres. [f we have
se lec ted  the  gausJ ian  quadra ture  fo rmul r  o f  o rder  N lhen we have to  mlke  ln
invers ion  o f  an  N x  N mat r ix  and to  s lo re  an  N r  N mat r ix  lo r  every  laycr .

Th is  method is  most  su i l lb l€  fo r  those a tmospherc 's  wh ich  cons is l  o f  more  or
less  homogeneous par ts .  S ince  the  genera l i zed  pr inc ip le  o f  invar iunce is  va l id  Io r
the  cas€ o f  an iso t rop ic  sca t te r ing  the  mcthod is  upp i i cab ie  t r )  rnorc  rc i r l i s t i c  cJ lc \
w i th  an iso t rop ic  sca t te r ing  as  we l l .
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