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New Methods for Determining the Radiation
Field in a Slab

T. Viik
Two new methods are proposed for determining the radiation field im

a homogeneous slab with exponentially distributed sources. The approach
is based on Chandrasckhar's principles ol invariance.

1. Introduction

In this paper we present two new methods for determining
the internal radiation field in a homogeneous slab with expo-
nentially distributed sources. The techniques to be described
are based on Chandrasekhar’s principles of invariance [1, § 50].
The first approach has been used by Ivanov [2, 3] for a semi-
infinite medium.

First we consider the homogeneous slab which is illumi-

nated by uniform parallel rays of net flux zF. The slab absorbs
radiation and scatfers it isotropically.

In this case the mathematical expressions of Chandra-
sekhar’s principles of invariance for the intensities in the out-
ward and inward directions at any level 7 are

F —TiU
I(r,wv,u,x)zme wS(x—1, v, u)+
1
—}—~1—f S(x—q, v, ©) (7, w, u, x)dw 1
. 4U s 7, U, 7, [ ] ’ ( )

I(z,0,u, x) :Z[% T(t,v,u)4

1
1
o [ S(r, v, w) (1, —w, u, x)dw, (2)

‘
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where the angle of incidence arc cos w and the angle of refllec-
tion arccos v are both mcasured with respect to the inward
normal and S and T are the scattering and transmission func-
tions. respectively.
Formula (1) means that the outward inlensity at any level
r results from the reflection of the reduced incident flux afie o
and the difiuse radiation /(r, v, u, x) incident on the surface 1,
by the separate layer of optical thickness x - 1. helow
Respectively, formula (2) means the inward intensity al any
level ¢ results from the transmission of the incident flux by
the separate laver of optical thickness r, above the surface
7, and the reflection by this same surface of the diffuse radia- ‘
tion [ (v, —v, u, x) incident on it from helow. \
|

2. Formulation of the Cauchy Problem

J

|

Let us integrate formulae (1) and (2) with respect to o, ‘l
Taking into account the expressions for the X- and Y-functions

[
1
X(v x)——-l+-1~—f S(x, v, w)dw/w (3) '
’ - 2 0 ) o ' l
1
Y(v, x)=¢ 'x"?—{-—%— T(x, v, wydw/w, (4) .
[} |
and for the source function
I " “
B(r, u, x) :éifc o “+g~f I(r,w, u x)dw, (9) i
2 |
J

we oblain

. ‘

/ I
B(r. u, x) :%; e X (i, x-—1)+

1
+—);—f X(w, x—1o)l{r,w, ¢. x)dw (6) ‘
<0

and
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B{r, u, x):%[a)/(u 7) L2 f X(w, o) (v, —w, u, x)dw. (7)

* In equations (2) and (4) the X- and Y-functions are the
well-known Ambartsumian-Chandrasckhar functions which sa- ’
tisfy the non-lincar integro-differential cquations 1)
:)\ LX) /l ;
E;‘ == .I[ Y(w. x)dw/w, (8)
di({)%i)w:~Y(v,x)/v+-‘:)t—X(v,.\-')“f Y{w. x)dw/w, (9)
with initial conditions
X(v.0y=1, Y(v,0)=1. (10)
Considering the cquation of transfer
ﬂ”—;’ix) =l (t, 0, 0, %)+ B(r, 1, x), —l<<o<<l, (11)
T
i
along with initial conditions
, 1 (0, v, u, x) =0, (12)
I(x,-—v, u, x)=0,

we see that owing to equations (6) and (7) we have reduced

the two-point boundary valuc problem to an equivalent Cauchy
N problem. We have only to know the X and Y-functions to start

the integration either from r=0 when using formula (6) or

from 7=x when using formula (7). To determine the X- and

Y-functions for the whole range of integration seems to be a
’ small price to pav Tor this substantial simplification, especially
) when recalling the accurate numerical procedure of Bellman et
al. [4] to compute these basic functions of radiative transfer.
There is another simple way to calcutate the X and Y-functions,
using the approximate formulae [5] (or [6])

X, t)y=p(u, 1) +q(—u,1)e ©n, (13)
¢ Y(u, 1) =q(u,7) +p(—u, r)ey, (1)
| where
\ B N au bt dt-1e B ] .
| plu, 1) = § [1—{—/5 it - L --Biu ’ (15)
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N a;u e—hiT biu(r~ U)G(i“x)‘l
= 16
¢ 7) zzz[ — — (16)
Here
. 1, i i=A=1,
d(i—2)= {0, otherwise,
and g; are the solutions of the characteristic equation [7]
N Wy,
1 —4 3 —————=0. (17)
iy 1 — pad

In equation (17) w, and «, are the weights and the points
of the Gaussian quadrature of order N, normalized to the inter-
val (0, 1). The coclficients a; and b; are to be determined from
the system

p(—ur) =0,
g(—un) =0, k=12, ..., N

The approach given in [5] is powerful enough to determine
the whole radiation field in a slab but here we give this refe-
rence because in the following we need the X- and Y-functions
for the argument 1=Cu=Coo.

(18)

3. The Source Function

If we are interested only in the source function then by using
the formal solutions for the outward and inward intensities

t—1

(e, —0,u,x)= [ B(t,u,x)e 7 dtfo, (19)

T—t

I(z,0,0,x)= [ B(l,u,x)¢ ®diJv, (20)
Q

and formulac (6) and (7) we may derive Volterra integral
cquations of the second kind for the source function in the
form

B(r, u, x) =@§ e~"uX(u, x—1)+
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+%Of Wt —{, x—17)B(t, 1, x)dt (21)
and
Bz, u, x):%F—Y(u, r)—i—g—fQ(l‘——r. T)B(t, u, x)dt, (22)
where
Wz, t)= f1X(w, t)ye v dw/w (23)
0
and
Qt,7)= }X(w,r)e"/w dw/w. (24)
0

Unlike the well-known Fredholm integral equation for the
source function

B(r,u,x)z%l—:-e—““+-§-f Ei(Jt —7|)B(t,u,x)dx, (25)
a

where
1
Ei(s)= fe s dw/w, (26)
0

which express the source function at the level 7 through the
values of the source function at all levels, cquations (21) and
(22) express the source function at the level r only through its
values at lower or higher levels than .

It is interesting to point out that Danielian {9] has derived
equation (21) using the generalized Ambartsumian principle of
invariance [10].

4, The Solution of the Cauchy Problem
To solve the above Cauchy problem, we integrated numeri-
cally the equation of transfer for the downward intensity

JHE00D
dr /

1 \ (27)

+-é—ﬁX(w,x——r)I(r, w, tz,x)dw—{—ifle“ifllX(tt,x-—r), v=0,
0
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along with the boundary condition
I(0,v,u,x)==0 (28)

and the system (8)—(9) or (13)—(14).

The upward intensity has been obtained in two ways. First,
Chandrasekhar’s principle of invariance (1) has been used
taking into account that

S(x, v, u) :%[X(u, )X (v, x)—Y{(u,x)Y(v,x)]. (29)

Sccond, equation (7) has been used in the equation of
transicr Tor the upward intensity
dl (v, —u, u, x)

v—-———;rw—a-:l(z, —0, U, X)—

1
A AF
~7[X(w, ) (r, —w, u, x)dw—;[}’(u, ), (30)

with the boundary condition
I(x,—v,u,x)=0.

The integrais in the right-hand side of equations (27) and
(30). as well as the integrals in equations (8) and (9) were
approximated by finite sums through Gaussian quadrature of :
the order N The four-point Runge-Kutta method was used
with the stepsize of 0.005 and N==7 in our calculations.

Having determined the downward and upward intensities,
the source function has been obtained from cquation (7). The
accuracy ol computation has heen checked against the indepen-
dent results for the source function determined in a different
way [5]. The results of comparison for different optical depths,
angles of incidence and albedos of single scattering showed that
for the slab thickness x=1 and the step size Ar=0.005 the
relative errors of the source function were never worse than
0.4% and generally much hetter. y

The determination of the upward intensity using the Chan-
drasckhar’s principle turned out to bhe slightly more accurate
than using equation (30).
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5. The Problem with Exponentially Distributed Internal

| Sources

The above-mentioned approach is powerful enough to cope
‘ with the problem of determining the radiation field in a slab
d with exponentially distributed internal sources. In this case

+1
A
B(t,x)=(1l—A4)B e"m—}-—2— (7, w, x)dw, 31)
) —1
where B==const.

f If we put

u=m-1
and

F=43-1(1 — 1) B,

we may use the technique given above. To find the respective
values of the X- and Y-functions in case of 0<C|m|<Cl we are
) forced to use the method described in [5] since equations (8)
; and (9) are of no use any more.
From equations (5) and (6) we find the source function in
the form
Blt,x)=(1—A)Be™X(m Y x—r1)4

rJ , ) (32)
e —}—-2«_/ X(w, x—1)l{r,w, x)dw,
f 4 0 .
d A

B(z,x)= (1l —A)BY (m, r)+~2—f X(w, ) (v, —w, x)dw. (33)

1]
2 For m<<0 the calculation of the X- and Y-functions for
i ! negative arguments can be avoided by using the formulae [13]
+ X(—u,7)=e"4Y(u,r1)
3 Y{(—u, v)=e"“X(u,1).
t The important case of uniformly distributed internal sources
€ is characterized by equations (31), (32) and (33) with m==0.
n In this case the values of the source function at the bounda-
! ries are equal,
B(0,x)y=B(x,x)= (1 —A4) BX (00, x), (34)

e where the X- and Y-functions at u-+oo are easily obtained from

equations (13)—{(16),
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N
X (oo, ) =Y (oo, t) =14 3 pH(a:+bi) (1 —e ), as=1. (35)
i=1

Again, solving equations (27) and (30) along with the
vacuum boundary conditions we may determine the whole
radiation field in a slab with exponentially or uniformly distri-
buted internal sources.

We checked the accuracy of the source function at r=0
against the results obtained by using the formula for the emer-
gent intensity in a slab with exponentially distributed internal
sources [8]

08 T T T 7 T I T T T
H{Tvx) '

06

0.4

02

O ¥ ! 1 ! 5 1 ] L

02 04 06 08 T 10

Fig. 1. The downward intensity at various optical depths in an atmosphere
with uniformly distributed sources: 1-—v==12°9, 2 —v==60°, 3-—v=288°5.
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1(0,—0, x) =411 (1 —4) B [ e™B(t, v, x)dl,  (36)
1]

where the source function B(z, v, x) has been obtained by the
method described in [5]. Unfortunately we had to confine our-
selves to the checking of accuracy of the source function only
at t==0 since there is no other simple method for determining
the radiation field accurately enough in a slab with exponen-
tially distributed internal sources.

For 4=0.5, x=1, B=1, Ar==0.005 and m=0.9 the relative
error of the source function at r==0 is 0.09%, but for the same

parameters with m=—09 the relative error is 2.4%.
Ifev.x)
T T T ! 1
002 - . ‘ ’ ' ~
A=0.99
x=10
m=0
- B=10
\ 10 \ 00
001+ . -
08 0.2
( 06 04
04 06
02 08
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Fig. 3. The intensity versus angle of rcflection at various optical depths
for A==0.5, x==1.0, m=—09 and B=1
I
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In the case of uniformly distributed sources with 1==0.99,
x=1, B=1, Ar=0.005 the relative error of the source function
at r=0is 5.7%. For the same parameters with A=0.5 the rela-
tive error al t=0 is as small as 0.09% and for 4=0.01-—
— 10°% 4. For three angles v,=88%5, v3==60° and v;=12°9
the run of the downward intensity versus optical depth is
given in Fig. 1. Note the internal maximum of the first curve
approximately at the center of the slab. Figs. 2 and 3 show
internal intensity variations at different optical depths for
m=90 and m=—0.9.

6. The Problem with Radiating Surfaces

Having solved the standard problem we are able to obtain
solutions for some other problems. For instance, let us consi-
dger an absorbing and scattering homogeneous slab without
internal sources. The radiation field in the slab is due to the
radiating boundary at r=x,

H(x,—v, x)=p(v). (37)

In this case the source function in terms of the diffuse inten-
sity is

+1
Bz, x):—g—f](r, v, x)dv+B* (7, ), (38)
—~1
where
4 X
B* (z, x) :—g——fg(v)e_Tdv. (39)
1]

Since we may present the boundary condition at r==x (equa-
tion (37)) as a superposition of delta-function beams

I(x,—v,x)= flg(u)d(v —u)du, (40)
]

the diffuse intensity at any point in the slab is also a super-
position of the intensities of the standard problem,

2

i
l(r,v,x)z—rfg(u)l(x—z,~v,u,x)du, —I<Co<{l. (41)
]
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7. The Functions & and h.

An important special case of radiating boundaries
o(v) =uv-t (42)

both at =0 and r=x has been considered by Kagiwada and
Kalaba [11]. Thesintroduced the functions b and 4 which in
our notation are s follows

1
f I(v,v,u,x)du/u, (43)
]

| ro

bz, v, x) =—Z1) e~ (v) 4-

R 9
h (T, U, X) —_—— |7} '(9'(—0) +T

o [(x=7,—0, u, x)dufu, (44)

s

where —1<Cv<| and ¥(v) is the step function

1, v=0,

0(0):{0, v<0.

Actually there is only one function, either b or h, since

b(z,v,x)=h(x—r,—uv, x) (45)
h(z,v, %) =b(x — 7, —u, x),
as we may easily deduce from equations (43) and (44). There-
fore we shall use only the b-function. Kagiwada and Kalaba
have shown that the solution of isotropic source problem, i. e.
obtaining the b-function gives directly the solution of the stan-
dard problem [14]. The importance of the b-function is accen-
tuated by the fact that it is a vector, compared with the inten-
sity I(r, v, u, x) which is a matrix at every optical depth. In
order to determine the whole radiation field in a slab using the
method described in the previous parts of this paper we have
to solve the above equations for every angle of incidence sepa-
rately. Using the b-function we have to do it only once.
Kagiwada and Kalaba have formulated the Cauchy prob-
lem for the b-function using the invariant imbedding methods
[I1]. In the following we shall describe another approach to
find the &-function utilizing Chandraselhar’s principles of in-
variance,
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8. Chandrasekhar’s Principles for the b-Function

Using Chandrasekhar’s principles of invariance (1) and (2)
for the standard problem, we find the respective principles for
the problem with isotropic sources

1
b(r,—v,x):-Ql—U fS(x—r,v,w)b(f,w,x)dw, (46)
0

1
b(r,v,x):% Y(v,z)—f——Q—];fS(r, v, w)b(r,—w,x)dw. (47)
Y]

Here we have taken into account equation (4) and the defi-
nition of b-function (43). Candrasekhar’s principles for the
b-function take especially simple form and they throw more
light on the nature of the reflection function S.

9. The Equation of Transfer for the b-Function

Kagiwada and Kalaba have derived the equation of transfer
for the b-function [11]

db(r,0,x)
Tar

where the source function @ is the resolvent function of Sobo-
lev [8] and it is given by

—b (7, v, x)+P (7, x), (48)

D(1,x) =%f B(r,u,x)dufu. (49)

Using the definition for the source function B (equation (5))
and equation (43) the resolvent function is rewritten in the
form
" +H

¢<f,x)=2—f b(r,0,x)do. (50)
In the following we need also the boundary values of the
b-function. To obtain them we use equations (3), (4), (12) and
the definitions of the scattering and transmission function [1]

1(0, —v, u,x):Z%S(x, v, u), (51)
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I(x,v,u, x)_—_—% T(x,v,u).

The result is
vb (0, v, x) =1,
vbh (0, —uv, x=X (v, x)— 1, (52)

vb(x,v,x)=Y (v, x),
vb (x, —v, x) =0.

We see that the boundary valtues of the b-function are uni-
quely defined at both boundaries.

10. Formulation of the Cauchy Problem for the b-Function

Now we are able to use the same way as we have already

done when obtaining equations (3)—(7) to separate the b-
function for radiation travelling in upward and downward

directions in equation (48).
Integrating Chandrasekhar’s principles of invariance for

the b-function (46) and (47) over v we obtain

@(r,x):—g»f X(w,x —1)b(r,w, x)dw (53)

and
1

1
Dz, x) =—g— fX(w,r)b(r, —w,x)dw—{——éfl Y(w, r)dw/w. (54)

0

Equations (48),

are infinite.

Kagiwada and Kalaba have shown that the functions X, Y,
S, T, @, B and [ are all expressible algebraically in terms of

the D-function [14].

Since we have to determine the X- and Y-functions anyway,

we give here only the formulas for @, B and I:

(53) and (H4) along with the boundary

conditions (52) define the Cauchy problem for the b-function.
After having found the b-function both in upward and down-
ward directions. the Sobolev @-function can be obtained by
means of equation (52). According {o equation (48) this gives
us the b-function in the horizontal direction. At the top of the
slab both the @- and b-functions in the horizontal directions

e —— w—" i ‘

Q) 5 wn
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E o F = 2 = 3 = @ S 8 2 2 2 a 3 7 =
173 = = o: =3 ) @ o) o A D
o £ o &5 O C»'Ig S T o & & > o 5 & & 2
> T o» 3 2 2 a B E B 5 o o o
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Radiation Field in a Slab 17

D(7,x)=0b(1,0,x), (55)
B(r, u,x):il—j——‘ft—[X(u,x)b(r, u,x)— Y (u,x)b(x —v,—u,x)],
(56)
{ 1 1
e (r, 0,4, ) = —~— B (7, u,x)+
( u v ) v (57)

+*}{*[X(u,x)b(r, v, x)— Y(u,x)b(x—1,—v,x)].

11. The Numerical Procedure

To solve equation (48) with the source term (53) we appro-
ximate the integral in cquation (53) by a finite sum of order
N. If we choose N==7, as Bellman did in similar calculations
141, cquation (48) for v==0 becomes a system of seven ordi-
nary differential equations subject to the initial condition

vb(0, v, x)=1, i=1,2, ..., 7. (58)

We solved this svstem by the fourth-order Runge-Kutta
procedure starting from r==0 with the step size Ar==0.005. The
results appeared to be in a good agreement with those of Kagi-
wada and Kalaba [11}. To find the b-function in upward direc-
tions we tried to integrate equation (48) along with the source

term (54) for v<CO0 starting from 7==0 and using as a boun-
dary condition

vb(0, —v;, x) =X (v, x)— 1, i=I1,2 ..., 7. (59)
Unfortunately the system under these conditions appeared to

be completely unstable. Integrating of (48) from 7=x and
using boundary conditions

b(x, —v;,x)=0, i=1,2 ...,7, (60)
gave good results.

Still better results for the b-function in upward directions
were obtained when using Chandrasckhar's principle (46) and
the expression for the S-function (29).

We have found also Sobolev's @-function according to for-

mula (50) which seemis to be an easier way than cxtrapolating
the b-function according to formula (55).

2 flyGankannu TAO

J——
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12. Conclusion

In this paper we have presented two new approaches for
determining the radiation field in a homogeneous slab with
exponentially distributed sources. Both approaches are based
on Chandrasekhar’s principles of invariance. Several numerical
computations have been made and the accuracy of proposed
methods is found to be sufficiently high. If one is interested in
the accuracy still higher then it may be achicved by decreasing
the step size of numerical inntegration. The problem shows
some features of the “stiff” systems, i.e. the orders of magni-
tude of the eigenvalues of the system are very different. This
difficulty may become serious when dealing with optically very

thick slabs.
August 1978

HoBble MeToabl onpenenenuss moJisi M3JyUeHHs B cJjoe

T. Buiik

IlpepsnaraloTcsi ABa HOBBIX METOAA [/ ONPCACJHEHHA MOJSA
H3Jy4eHHS B OAHOPOJAHOM CJI0e ¢ 3KCIOHCHIMAJALHO pacnpeje-
JEeHHBIMI HCTOUHHKAMHu. MeToabl 6asipyioTcsl Ha 1CNOIb30BAHIH
IPHHUHNOB HHBapHaHTHOCTH Yanipacekapa
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