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New Methods ior Determining the Radiation
Field in a Slab

T . V i i k
Tu 'o  ncr r .  n re lhods  are  proposcd fo r  de ter rn in ing  the  rad ia t ion  f ie ld  in

a honrogcr.rcons slab rvith cxponcntial ly distr ibrrtcd soufces. 
' lhe 

approach
is  bascd on  Chandrusc l ihar 's  o r inc in lcs  o i  invar ia r tcc .

l .  Introduct ion

In this paper \ve prcscnt two nes'  mcthods for detcrrnining
the internal radiat ion f ie ld in a hourogeneous slab u' i th expo-
nent ia l l y  t l i s t r ibu ted  soLr rccs .  Thc  techn iques  to  be  descr ibed
are  baser i  on  Char rdrasekhar 's  p r inc ip les  o l  invar iance I  l ,  S  50 ] .
Thc  f i rs t  approach has  bcen used by  Ivanov  [2 ,  3 ]  io r  a  scnr i -
in l in i tc mediunr.

First  r i 'c consider t l re honrogeneot ls slab rrhich is i l lumi-
na tcd  by  un i fo r tn  para l le l  rays  o f  ne t  f lux  rF .  The s lab  absorbs
rad ia t ion  and sca t te rs  i t  i so t rop ica l l y .

In  th is  case the  n ta thenra t ica l  e - rp ress ions  o f  Chandra-
sekhar 's  p r inc ip lcs  o f  invar iancc  fo r  the  in tcns i t ies  in  thc  ou t
ward and inrvard cl i rect ions at an,r , '  lcvc' l  r  are

E

I  ( r ,  -u ,  u ,  x )  : -e - r  uS (x  -  r ,  a ,  u )  +
4 A

S  ( x  -  r , 1 , ,  a ) l  ( r ,  r u ,  u ,  x ) d w ,  ( 1 )

I (r, u, u, x1 :L T ft, r.t, u) {

S (2,  u,  w)  I  ( r ,  -a,  i l ,  x)  dw, (2 \

*Li' 4u t,,

*Jf' 211 ,
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$ ' f l c rc  thc  ang le  o i  inc idcncc  arc  cos  ru  anc l  thc  ang lc  o [  rc i l c r : -
t ion  arc  c ros  u  a rc  bo th  n rc ,asnrcd  r i ' i th  rcspcc t  to  t l rc  inu ,ard
n o r r r r a l  a n d  S  a n d  I  a r c  t h c  s c : a t t c r i n a ' a n d  t r a n s r r r i s s i o n  f u n c -
t  i r . ,n s.  rcspcrrt  i t ,c ly.

I :o r t t ru la  ( l )  r le rans  tha t  thc  oLr tu 'a rc l  in tcns i tv  a t  an-_v  lcvc l
r  resu l ts  l ronr  thc  re f lec t ion  o I  thc  rcduccr l  inc i t l cn t  i lu r  f i I ' e  'u

a n d  t h c  d i l i r r s c  r a d i a t i o n  l ( r ,  u ,  r r ,  r )  i n c i d c n t  o n  t h c  s r r  r i a c c  r : ,
l r r ,  thc  scpara te  la l  e r  o f  op t ica l  th ickness  x  r .  bc lo r , l '  r .
Respect i r ,c l r ' .  fo rn r r r l l  (2 )  lneans  thc  in ' , r 'a rd  in tens i tv  l r l  tnv
lcve l  r  resu l ts  I ro r r r  thc  t runsr r r i ss ion  o i  t l r r  inc idcn t  f l r r - r  hy '
t l te  separa tc  la i  c r  o i  op t ica l  th ic l i r rcss  r ,  l r l rovc  thc  sur f  ace
r ,  a n ( l  t h c  r c f l c c t i r i n  l i v  t h i s  s a r r r e  s u r f a c c  o I  t l r c  d i f I L r s t . r a < l i a -
t i o n  1 ( r ,  -  r : .  u .  x )  i n c i d c n t  o n  i t  i r o r r r  l r c l o n ' .

2.  Forrrrulat ion of the Cauchv Problerrr

Le t  t r . s  in tegra te  fo r r r ru lac  ( l )  and (2 \  r i ' i th  respcc t  to  r , .
T : r l i i ng  i r r to  account  thc  c rprcss ions  lo r  thc  X ,  rnd  1 ' - [L rnc t ions
t r l

t
1 r

X(u ,  x )  :  l  + - : -  /  .S( t ,  i ' ,  i u ) r1 iu / . r ' .' ' ) r

Y(v,  t ) :e ' t " - l -+ 7'( .u,  t , ,  w)dwlru,

(3)

(4 )

r t nd  f r l r  t l t c  soL t r ce  f r t nc i i on

{

I
l ,

l r

t , r  g "  I1 2 - l
'  - l

B \r, tr, 4 :ll , I  ( r ,  a ,  u .  x ) d w , (i ' ,)

l:i

t,
ii

r i  e  o l - r t a i n

B  ( r ,  t r ,  i  : 40 '  e  . t t t r  X  ( t t ,  x z ) *

I

I
I

{)
r ) 1 ( r ,
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) l :  1  f
B ( t ,  t t ,  x \  - : " : , l ' ( t t .  r  )  + - -  I'  

4  2 r

In  cq r r l t i ons  (2 )  an i l  ( - 1  I  t hc  f -  r i nd  ) , - i r - r uc t i o r r s  aLe
rvel l - l inor i 'n  Arr r  ba r tsLrr r r  i  a  n-c l r  a  ndrrsc l i l ra  r  f  u  nct  ions r l ' l i  ich
t i s f y  t he  r ron - l i n , . . i r r  i n t cu ro - i l i i i c r cn t i a l  cq r ra t i ons  I  I  ]

C.{  (u , .v )
ix

Y (w.  x \ t lw la ,  (9 )

t \  t  ( t , tu ,  x ) t l tu .  (7 )

t  l t c
si l  -

( 8 )

I
. F

. ,  f t u . . r t  J  ) { i l r . . v ) 1 / 1 g r , / ; i : .
*  

t l

1

Ic)': 'P-: -Y (u, x) t,++.\ (c,, v)

wi th  i n i t i a I  co r rd i t i on -

. Y ( u . 0 ) : 1 .  Y 1 u , 0 ) : 1 . (  l 0 )
Cons ide r i ng  thc  cqL ra t i on  o I  t r ans l c r

d l ( t . r , .  u .  x \
u - - - -  

o ; a :  
- l ( r , u , t t , x ) { B ( r ,  u '  x ) '  - - l < u { 1 ,  ( l l )

a l ong  r v i t h  i n i t i a l  cond i t i ons

I  (0 ,  u ,  u ,  x)  -A,

I  ( x ,  -  t , , r r .  x )  :Q ,  (12 )

we sec  th l t  o r i  i ng  t o  cq r ra t i on *  (6 )  an r l  ( 7 )  r r c  l r avc  r c t l uccc l
t he  t i vo -po in t  bounda ry  va lL i c  l l r ob le rn  t o  an  cqu i i , - a l cn t  Cauch i '
p rob len r .  \ \ ' c  hav t :  o r r l v  t o  l i no t ,  l h t ,X  an t l  ) ' - f r r nc t i ons  t o  s ta r t
t hc  i n teg ra t i on  e i t hc r  i r on r  r : 0  u ' hcn  us ing  fon r ru la  (6 )  o r
f  r ou l  z : x  q .hcn  r r s i ng  i o r r r r r r l a  (7 ) .  ' f  

o  c l e to r r r r i nc  t he  X -  anc l
Y ' i unc t i < lns  f ' r  t h .  u ' ho l c  rangc . [  i n t cg ra t i on  secns  t .  be  a
s m a l l  p r i c c  t o  p a r ' [ , r  t h i s  s L r b s t a n t i a l  s i r n p l i f i c a t i . n .  e s p e c i a l r v
r v h e n  r e c a l l i n g  t h c  u c c r r r a t c  n r r r n c r i c a l  p r o c e d u r e . l  B c l l n r a n  e t
a l .  I a l  t .  c o n r p r r t c  t h c s c .  l l a s i .  i u n c t i r n s ' i  r a i l i a t i r . c r  t r a n s i e r .
The re  i s  ano thc r  s i r t r p l c  r i ' u r , . t o  ca l c r r l a t c  t hc . {  and  } ' - f r r nc t i o r r s ,
us ing  the  app rox in ra t c  i o r r r ru lac  I i r ]  ( o r  [ 6 ]  )

X (u,  r )  -  p  (u,  r )  f  r7  1-r r .  r )  e  '  ' , ,
Y (u,  r )  :  q  (u,  r )  - f  p  ( -  11,  r )  e  t , r r ,

p(u, r \ : l+ i  [ -e-- ,  ]U'*- \ : l :  
l: t  Lr+ lJ iu I  l ) ; t t

rvherc

(  l 3 )
(  l 4 )

(  l 5 )

--
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b iu(r  -  a)o( ; - r ' )

Hcre

d ' '  
(  l '  i l  i : h : l '

\ t  -  A ) :  I  o ,  o t h c r r v i s e ,

and p i  a re  the  so lu t ions  o f  the  charac ter is t i c  equat ion  [7 ]
]V

t -A) ,  - : f f= :0 .  (17)
/ t : l  

^  - P  t '

In  equat iou  ( l7 )  o ' r ,  aud r /11  ?rc  the  l ' c igh is  anr l  thc  po in ts
o f  the  Gauss ian  qr radra ture  o i  o rc lc . r  - \ ,  nor tn l l i zcd  to  thc  in te r -
ra l  10 ,  l ) .  The coc f f i c icn ts  u i  a f ld  b ;  a re  to  bc  de tc rur incd  f ronr
t  l tc st 'stenr

p  (_un)  :0 ,  
(  I  S)

q ( - u n ) : 0 .  h : | ,  2 ,  . . . ,  . \ ' .

The apprc lach  s ivcn  in  [ .1 ]  i s  poser fu l  enough to  dc tc r rn ine
the  r i ' ho le  rad ia t ion  i i c ld  in  a  s lab  bu t  hc ' re  rve  g ivc  th is  re fe -
lencc  because in  the  fo l low ing  l ie  need ihc  X-  and f - f r - rnc t ions
lo r  thc  a rgunrent  I  {  t i  {  oo .

3. The Source Funct ion

L I  a ia e-F ' 'q (u , r ) - 2 ' l  ,  ^ *
L  -  

I , J i u l { p i t t I  (16)

I f  u 'c  a re  in te res ted  on lv
thc  fo rnra l  so lu t ions  fo r  the

I ( x , - t , , u , x ) :

I  ( t ,  u,  u,  x)

in  the  source  func t ion
outu ,ard  and inurard

x _ j_-_:

IB ( t , u , x )e  "  d t fu ,
T

r_t

b  ( t ,  u ,  x ) e  D  d t l u ,
x

_ J

0

then by using
in tens i t ies

( l  e )

(20)

ernd iorrnulac (6) ancl  \7) \ \ 'c nta.v derivc Volterra integral
cc lua t ions  o i  the  second 1< ind  fo r  thc  sourcc  func t ion  in  the
f onl

B (r, u, ,) :+ e-rtuX (u, x - r) +
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V (r *  t ,  x *  t )  B ( t ,  t t ,  x)  dl ( 21 )- '  It  r J- 0

I

W (r,  t )  :  I  X (w, f)  e*r iLa da f  a
(,

and
t

QU, r ) :  I  X (w , r )e - t i "  dw lw .
U

Unlike the rvel l - l innrvn Fredholr t t  integral
source functiott

where

Q( t  -  t ,  r )  B  ( t ,  t t ,  x )d t ,  (22)

(23)

(24)

equat ion ior  the

,

and

B(t,  u, 4:+Y @, |  *  {
where

2 F  t  I
B( r ,u , i :+c - . / , ' +#  |  E t \ l t  . - r l )B (1 .  u .x )dx ,  (25 )

1 ' o

(27)
2 I :

x  * t ) l  ( r , a , u , x ) d a l i e - . r i u X  ( u .  x -  t ) ,  u > 0 ,

E1(s):  1t"-u' , ' "  dalu, (26)
0

which express t t re sor irce funct ion at the level r  throLrgh t l tc

va lues  o [  the  source  iunc t ion  a l  a l l  leve ls ,  cquat io t rs  (21)  and

(22)  express  thc  sourcc  lunc t ion  a t  the  lcve l  z  on l ] ' th rc iu<vh ' i s

values at iorver clr  higirer levcls thatr  t .
I t  i s  in te res t ing  to  po in t  ou t  tha i  Dan ie l ian  [9 ]  has  der ived

equat ion  (21)  us ing  the  gcnera l i zcd  At t l l ra r tsu tn ian  pr inc ip lc  o f

invar iancc  [10 ] .

4.  The Solut ion of the Cauchy Probletn

To solvc the above Carrchl  l l roblett t ,  \ 'c inte gratcd nut i ter i -

cal ly the eqtrat ion oi  t t  ansicr ior the dorvnl 'ard intcnsi t-v"

t l l  ( r .  u .  t t ,  x )  r  , ,  - .a-f f i - - - t ( r ,u ,  u ,x \*

I

t
,  t L  1 1 . , ,
tv J 't'\a'

U



t t ' i t h  t h c  l l o r r n d a r v  c o r r d i t i o n

I  ( 0 ,  a ,  u ,  x ) : Q

and t l rc  s .vs tc ru  ( i i )  (9 )  o r  (  l3 )  -  (  l4  )
1 'he  r rp i i  a rd  in to l ts i t r .  has  bcen o l r ta in r : r !  in

C h a n r l r a s c k h a r ' s  p r i n c i p l c  o f  i n r , a r i a n c c  ( l )
ia l i in i r  in to  accor rn t  tha t

S t c r l l i l  ,  c t l t r a t i o n  ( 7 )  h l r s  l i c t t r  r r s r . r l
t r uns i c l  i o ; '  t l r c  r r l t u ,a rc l  i n t cns i t y

dl (r, -u, u, x\ :  I  ( r ,  -u ,

s(x,  u,  t ,1 : f f i \x fu,  x)x(a,x)-  y (u,  x)y (u,x) | .  (29)

tu  < l  l va l ' s .

h a s  b c c n

(28)

Fir,* t ,
t i sec l

dc

i n  t h t  c q r r a l i o n  o i

u,  x) -

(30)

r ' : t l .  i l - , .  I

I

_ t
2 r

,,,,,,i.,,
X (w, r) I  (r,  -a, u, x) da - ?nl V qu, 

"y ,

r  i , , '  cor  r  < l i t  io  r t

I  ( x , - u , l , . l )  : Q .

T h c  i n t c l r . i s  i n  t h c  r i g h t - h a n d  s i d e  o f  c q u a t i . n s  ( 2 7 )  a n r l
(30) ,  : rs  u 'e l l  a , *  thc  in tegra ls  in  cqr ra t io r rs  (8 )  anc l  (g )  , , l  e re
a p p r o x i r r r a t e d  l t v  f i n i t c  s L r r r r : r  t h r o u g h  G a u s s i a n  q u a d r a l u r e  o f
t i t c  o r r l c r ,v .  1 ' l i c  f .L r r -po i i ' r t  Rr rngc- l (u t tz r  rne thod rvas  usc< l
* i th  thc  s t t 'ps iz .  r f  0 .005 and ,v -=7  in  . r r r  ca lcu la t ions .

l l l t i ng  dc tc r i r r incc l  thc  c lo r r , ,nn .u l r . r  and upu,arc l  in tens i t ies ,
t l t c  s ;o r i rcc  f  L inc t ion  has  bccn r_ r l r {11  inq61 f ro r r r  t c l r - ra t ion  (7 ) .  Thc ,
l i cc r r ia . ' , ' o l  conrpr r ta t ion  has  hr :en  chcc l i cc l  aga ins t  t l r c  indepcn-
r l r , 'n t  rc -cu l ts  fo r  thc  sourcc  iL rnc t ion  de tenn incd  in  a  c l i f l c ren t
* ' r ; r  [5J .  The rcsLr l ts  o l ' cor i r i ra r ison  lo r  d i f fe ren t  op t ica l  dep i l rs .
i rng lcs  o f  inc ic lcncc  and a lbedos  o l  s ing le  sca t te r ing  -shou 'ecL tha t
fo r  th t '  s lab  th ickness  r -  I  anc l  thc  s tep  s izc  l i r :0 .005 the
rc la t i v t ' c r ro rs  o f  thc  source  f r rnc t ion  \ \ : c re  ncver  u ,o rsc  than
0. -1  " , ,  and gcnera l l i '  r r r r rc l i  l r c t tc r .

Thc  c lc tc rn t ina t ion  o f  thc  upwar r l
r l rasckhar 's  p r inc ip le  tu rned ou t  to
t h a n  u s i n g  c q L r a t i o n  ( 3 0 ) .

i n t c n s i t r ;  u s i n g  t l r c  C h a n -
he s l igh t l i '  t r ro re  accura te
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5. The Problem with Exponent ial ly Distr ibuted Internal
Sources

The above-nient ioned approach is powerful  enough to cope
wi th  the  prob le rn  o f  de ternr in ing  the  rad ia t ion  f ie ld  in  a  s la l r
w i th  exoonent ia l l v  d is t r ibu ted  in te rna l  sources .  In  th is  case

)

f

B ( r , x ) :

where  B:cons t .
l f  we put

a n d

+ l

( l  - 1 )  B  e - , u ' a  
^  

|  I  ( r ,  a ,  x ) d a ,
/ e- - t

i l :n l - r

(31  )

F :4 ) ._ t  ( t  _  L )  B  ,

\ \ ie  r r lay  use  the  tcc i rn ique g ivcn  above.  To  f ind  thc  respec t ive '
ra lues  o f  the  X-  and l - f  unc t ions  in  case o f  0 {  l l l l<  I  rve  are
forced to  use  the  rne thod descr ibcd  in  [5 ]  s ince  equat ions  (B)
and (9) are of no Llsc dny 1ns.. .

F ronr  equat ions  (5 )  and (6 )  s ,e  l ind  the  sourcc  func t ion  in
the fornr

B ( r , x ) : ( l  -  A ) B  e - ' n T 1 ( n r - t , x  - r ) +  , .
r  (32)

, 1  f
- t - ,  J  X ( a , x  - d t  ( t , r t t ,  x ) d a ,

" o  

:

B( r , x ) :  ( l  -  ) " )  BY  (n t - ' ,  . ) * *  I  rW. r ) t  ( r ,  - u ,  x )da .  (33 )
' o

For  n r<0 thc  ca lcu la t i r - rn  o i  thc .  X-  and Y- func t ions  fo r
negat ive  arguu ien ts  can bc  avo idcd  by  us ing  the  fo r r t t r , r lae  I l3 ]

X  ( - u , 7 )  :  g r i  u  Y  ( u ,  r )
Y  ( -u ,  t )  :g r luX (u ,  t )  .

The i r r tpor tan t  case o i  un i f  o r t t t l l '  d is t r ibu ted  in tc lna l  sourc t :s
is  charac ter ized  b1 'equa i ions  (31) ,  (32)  and (33)  rv i th  tn , :0 .
in  th is  case thc  va lues  o i  t l re  sourcc  iunc t ion  a t  the  bounda-
r ies are equal,

B ( 0 , . r ) : B ( x , x ) :  ( l  - " i )  B X ( a , x ) ,  ( 3 4 )
u 'here  the  X-  and Y- func t ions  a t  u*oo  arc  eas i l v  ob ta ined f ron t
e q u a t i o n s  ( 1 3 ) - ( 1 6 ) ,

:J
e
' l r

d

i ,

!
t -
+

i ,

+

c

t'l
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X(m, l ) :  Y (oo , l ) :  l *  i p ; ,  ( a i *h i )  ( l  -  e -e , r ;  ,  A+ t .  ( 35 )
i : !

Again ,  so lv ing  equat ions  (27)  and (30)  a lo r rg  rv i th  the
vacuunr boundarv condit ions we nlay detcnnine the rvhole
rad ia t ion  f ie ld  in  a  s lab  rv i th  exponent ia l l . v  o r  un i fo rmly  d is t r i -
hu ted  in te rna l  sources .

We checl<ed the accurac) '  of  the source iunct ion at r :0
aga ins t  the  resu l ts  ob ta ined by  us ing  the  fo rnru la  fo r  the  emer-
gent  in tens i i y  in  a  s lab  rv i th  cxponcnt ia l l y  d is t r ibu ted  in te rna l
sources  [8 ]

OB
t ( tvx  )

02

Fig .  L  The do l 'n la rd  in tens i t t ,  a t
t ' i th  un i fo r rn l l '  d is t r ibu ted  sources :

0,6 0.8

l a r io r rs  op t ica l  depths  in  an  a tn rosphere
I - r '  - . . .  12".9, 2- v =-- 60'.  3 - v:88".5.

0,4



Radiatlott Field in a Slab

I (0, -a, x) - 4j,-La-1 ( I - f.) e-mt B (t ,  a,  x) dt ,  (36)

where the source funct ion B(r,  u,  x) has been obtained by the
nethod described in [5] .  Unlortunately we had to oonf ine our-
selves to the checking of accuracy of the source funct ion only
al  r :0 since there is no other si tnple method for defermining
the radiat ion f ie ld accurately enough in a slab u' i th exponen-
t ial ly distr ibuted internal sources.

For  / , :0 .5 ,  x :1 ,  B :  l ,  , / r :0 .005 and m-0 .9  the  re la t i ve
error of the source funct ion at r :0 is 0.090/r,  but for the same
parameters rvi th rn:-0.9 the reiat ive error is 2.44h.

Itry,x)

I =0.99
x=1.0
m=0
B =1.0

.1 n
t . v 0.0

0.8 0.2

0.6 0.t,

0.t, 0.6

0.2 0.8

00 300 600
Down

900

BI
0

002

0.01

The in tens i ty ref lect ion at various optical
m : 0  a n d  B : 1 .

600  300
Up

0'

depths lorversus  ang le
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In  thc  case o f  L ln i fon l r l v  d is t r ibu ted  s ( )u rcc .s  rv i th  2 :0 .99 ,
x : 1 ,  B :  I .  l r : 0 . 0 0 5  t h e  r c l a t i v c  e r r o r  o f  t l t e  s o u r c c  f u n c t i o n
at  r :0  i s  5 .7 ( j t r .  For  thc  sar l re  paranre ters  rv i th  l ' :0 .5  the  re la -
t i ve  e r ro r  a l  r :0  i s  as  s r r ra l l  as  0 .09Oi i ,  and io r  i . :0 .01  - -
--  l0 '  ' l  ( f , , .  I ;or three angles u1:$$c, l ; ,  ur:60" and rr ; :  l f  ,9
the  run  o f  the  dorvnrvard  in tens i tv  versus  op t ica l  depth  is
g iven in  I r ig .  I .  Notc  the  in te rna l  rnax i rnunt  o f  the  l i r s t  curve
approx i tna te ly  a t  thc  ccn tc r  o f  the  s lab .  F igs .  2  and 3  shon '
in te rna l  in tens i ty  var i r t ions  a t  d i f f c ren t  op t ica l  dcp ths  fo r
l l l : 0  a n d  I ? ? : _ - Q . $ .

6. The Problenr with Radiat ing Surfaces

I - lav ing  so lved thc  s iandard  prob lcnr  we arc  ab le  to  ob ta in
solut ions for sorne other prol l lems. Iror instance, let  us consi-
r i c r  an  absorb ing  and sca i tc r ing  hornogeneous s lab  u , i thout
in tc rna l  sor r rces .  Thc  rad ia t ion  I ie lc i  in  thc  s lab  is  c luc .  to  the
rad ia t ing  boundarV a t  r :x ,

I  (x ,  -u ,  x )  :p  (u ) .  (37)

ln  t l t i s  casc  the  sourcc  lunc t ion  in  tenns  o f  t l r c  d i i i r rse  in ten-
s i tv  i s

+1
7 f

B( r ,x ) :+  J  I ( r ,u ,x )du lB* ( r , x ) ,  (38 )
' - t

u hcrc

l 3

t i  -=
B* ( r , x ) :+ l  g (u )e  u  dz t .

o a

Sincc nc r ) lav i ) resent  thc borrndarv condi t ion

t i on  (37 ) )  as  a  supe rpos i t i on  o f  de l t a - f unc t i on

(3e)

a l  r :x  (equa-
beams

1 (.r. - ct, x) :

the  d i I iuse  in tens i ty  a t  anv
pos i t ion  o f  thc  in tens i t ies  o [

I

I  pQ, )d(u  - -  t t ) t tu ,
0

(40)

po in t  in  the  s lab  is  a lso  a  super -
the  s tandard  prob le tn ,

I  ( r ,a ,  x ) p ( t L ) l  l x - r , - u , t r , x ) d u ,  - l { o = < 1 .  ( 4 1 )
, f

I

tl



7. The Functions b and h.

An impor tan t  spec ia l  case o f  rad ia t ing  boundar ies

' g ( u ) : u - t
both at r :0 and r: , r  has been considered
Kalaba I  I  I  ] .  The.r introduced the lunct ions
our notat ion are at fol iorvs

(42)
by I(agirvada ancl
b and h rvhich in

where -1{u=<l  and , r l (u)  is  the s tep funct ion

8 (u \ - { 1 '  u2o ,
t  0 ,  u {0 .

Actual l t ,  ihere is  on ly  one funct ion,  e i ther  b or  h ,  s ince

as \ \re may- easi ly deduce from equat ions (43) ancl (44).  There-fore we shal l  use only the b_funct ion. I (agi , ,vacla und Krlrbuhave shorvn that the solut ion of isotropic source problem, i .  e.obtaining the b-funct ion gir ,es direci ly the sorut ion of the stan-dard problem I la] .  The importun..  of  the b_funct ion is accen-tuated b1' the fact that i t  is a vecior,  cc.rmpared rvi th the inten-
si ty 1(r ,  u,  u,  x) rvhich is a rnatr ix at evcry. opt ical  depth. In'crder to deterni ine the n'horc radiat ion f ie ld in a slab ur ing i l  

"method described in the previous parts of this papcr *" 
-hru.

to solve the above equat ions for erery angle of in. id.n."  ."pr_ra te ly .  Us ing  the  b- func t ion  rve  have io  do  i t  on ly  once.
I(agi ivada and Kalaba have formulated the cauchl,  prob_

lem for the D-funct ion using the inl 'ar iant i r 'bedding ,rr" i rroa,
[11 ] .  In  the  fo l lo rv ing  we sha l l  descr ibe  another  ap-proach tof ind  the  6- func t ion  u t i r i z ing  chandrasekhar 's  p r inc rp i . ,  o i  in -var iance.

b ( r ,  u ,  x) :h(x  -  r ,  *a ,  x)
h(r ,  u ,  x) :b  (x  -  r ,  -a ,  x)  ,

(45)

I



Radiation Field in a Slab

8. Chandrasekhar 's Principles for the b-Funct ion

Us ing  Chandrasekhar 's  p r inc ip les  o f  invar iance ( l )  and (2 )
for the standard problem, u'e f ind thc respect ivc pr inciples for
the problcrn t  i th isotropic sources

b( r , -u , r ) :+  - f  t t "  - r ,a ,w)b ( r ,a ,x )dw,  (46)
2 u !

U

l 5

S ( r ,  c ' ,  a ) b ( r , - a , x ) d a .  ( 4 7 )

Here we have taken into account equat ion (4) and the def i -
n i t ion  o f  b - f  unc t ion  (13) .  Candrasekhar 's  p r inc ip les  fo r  the
b-iunct ion take especial ly s imple form and they throw more
l ight on the nature of the ref lcct ion funct ion S.

9. The Equation oi Transfer for the b-Function
(ag i rvada and Ka laba have dcr ived  the  equat ion  o [  t rans fer

fo r  the  b- func t ion  [ l  l  ]

b(r ,a,4:+Y @,,11.{

, !!g* - -b (r, u, x) r,e (r, x),

0

(48)

wherc thc source funct ion 4l  is ihc resolvcnt funct ior-r  of  Sobo-
iev [B] and i t  is given by

@ (r,  x)

Using the def ini t ion for
and equat ion  (43)  the
fornr

B (r ,  t t ,  x)  dulu. (4e)

the source funct ion B (equat ion (5) )
resolvent funct ion is reu'r i t ten in the

I

, f
I

' o

+1
_x" f- e  J@ (r, x) b ( t ,  u ,  x)  dr t . (50)

In the fol lorving we need also the boundary values of the
b- func t ion .  To  ob ta in  thenr  rve  use  equat ions  (3 ) ,  (4 ) ,  (12)  and
the def ini t ions of the scatter ing and transmission funct ion I  I  ]

I ( 0 , - a ,u , x ) : !S (x ,a ,u ) ,  ( 51 )
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F
I  (x ,  a ,  u ,  x )  :1 -  T  (x ,  u ,  u ) .' + u

The result  is
ub  (0 ,  u ,  r )  :  l ,
u b ( 0 , - a , x : X ( a , r ) -  I ,

zii:;'.i,;!8."T ' 62)
We see tha t  the  bor , rndary  va lues  o f  thc  b - func t ion  are  un i -

que ly  dc f incd  a t  bo th  boundar ies .

10. Forrnulat ion of the Cauchy Problem for the b-Funct ion

N o l ' l c  a r e  a b l c  t o  u s e  t h c  s a r n e  w a ) . a s  l v e  h a r , e  a l r c a d y
done rvhen ob ta in ing  equat ions  (3 )  - -  (7 )  to  separa te  the  b-
lunc t ion  io r  rad ia t ion  t rave l l ing  in  upward  and dorvnu 'a rd
d i rec t ions  in  equat ion  (48) .

In tegra t ing  Chandrasc l<har 's  p r inc ip lcs  o f  invar iancc  fo r
thc 'b - f r rnc t ion  ( .16)  an t l  ( .17)  ovcr  L r  u 'e  ob ta in

l 6

(53)

. t  I  l t !

f t
l l

{D ( r , x ) :+  . l  X (a , r ) b ( r , - a , x )du t+ ' l  I  Y \u , r ) da la .  ( 54 )
/ s l- o  -  o

Equa i ions  (48) ,  (53)  and (54)  a long rv i th  the  l roundary
cond i t ions  (52)  de i ine  thc  Cauch l '  p rob le rn  fo r  the  / . r - fL rnc t ion .
Af te r  hav ing  iound thc  b - func i ion  bo th  in  L rprvard  and dorvn-
ward  d i rec i ions .  the  Sobo lcv  d r - func t ion  can be  ob ta ined by
nreans  o f  equat ion  (52) .  Accord ing  to  equat ion  (48)  th is  g ives
us the l r- funct ion in the horizontal  dircct ion. At the top of the
s lab  bo th  thc  @-  anc l  b - func t ions  in  the  hor izon ta l  d i rec t ions
a r e  i n f i n i t c .

I (ag iu 'ada anc l  I (a laba havc  shou,n  tha t  thc  f  unc t ions  X,  Y ,
S,  T ,  (h ,  B  anr i  1  a rc  a l1  exprcss ib lc  a lgebra ica l l v  in  te rnrs  o f
t h c  D - f L r n c t i t i n  [ 1 1 ] .

S ince  ue  ha lc  to  dc tc r r r r ine  the  X-  and l - fL r r rc t ions  an1 ' rvay ,
we g i \ rc  hcre  on l \  t l re  fo r rnu las  f r l r  @,  B  and I :

2 f

<D( r . x )  : +  . l  X (a .  x  -  r \ b ( r ,w ,  x )da
' / J

{ l

^":  v
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7E , ,  
@f t , x ) : b ( r , o , x ) ,

B ( r ,  u ,  x)  :# IX @, x)  b  ( r ,  t t ,  x )  -  Y (u,  x)  b  (x  -  r ,
a

(+ - i), n, t ' ,  t t ,  x) : - + B ft ,  u, x\ 1

(55)

-u ,  x ) l ,
(56)

(57 )
'  A F , , , ,

++l,X (u,  x)b (r ,  u,  x)  -  Y (u,  x)  b (x -  r ,  -u,  x) f  .
a

11.  The Nunrer ica l  Procedure

To so lvc  eqLra t ion  (48)  rv i th  the  source  te r rn  (53)  we appro-
r i t t ra te  thc  in tegru l  in  cqr ra t ion  (53)  hy  a  i in i te  surn  o f  o rdcr
N.  I i  rvc  choosc  i \ ,1  :7 ,  as  I l c l ln tan  d id  in  s i r r i i l a r  ca lcu la t ions
[4 ] ,  cqr - ra t ion  (aB)  f  o r  l )>0  becorncs  a  s l  s te r r r  o f  scvcr r  o r r l i -
n a r l  d i f l c r c n t i a l  e q L r a t i o n s  s u b j e c t  t o  l h c  i n i t i a l  c o n d i t i o n

u i b ( 0 , 1 ' i , . r ) : 1 ,  i : 1 ,  2 ,  . . . ,  7 . (58)

\ \ re solved this svstcnr bv the fourth-order Runge-Kuita
procc 'durc  s ta r t ing  f ronr  r :0  l - i th  the  s tcp  s i : le  d r :0 .005.  The
rcsu l ts  appeared to  bc  in  a  good agrceurent  u ' i th  those o f  I (ag i -
w a d a  a n d  K a l a b a  [ 1 1 ] .  T o  i i n d  t h c  b - f u n c t i o n  i n  u p w a r d  d i r e c -
i ions  rve  t r iec l  to  in tegra te  equat ion  (4cg)  a lona rv i th  the  source
tc rm (54)  fo r  c r {O s ta r t ing  f rom z :0  and i rs ing  ls  a  boun-
da lv  cond i t ion

a i b ( 0 , - u i , x ) : X ( u r , x ) - 1 ,  i : 1 ,  2 ,  . . . ,  7 (5e)
Unfor tL rna te l l ' thc  sy ,s tenr  undr : r  thc 'sc  cond i t ions  appcarcd  to
b e  c o n r p l e t e l i ' u n s t a b l e ,  I n t e g r a i i n g  o [  ( 4 B )  I r o r r r  r : x  a n d
us ing  boundary  cond i t ions

b (x ,

gave good resu l ts .

(60)

St i i l  be t te r  resu l ts  lo r  thc  b - lunc t ion  in  upward  d i rec t ions
u,erc  ob ta iner l  rvhen us ing  Chandrasckhar ' : i  p r inc ip le  (46)  and
the  express ion  fo r  the  S- func t ion  (29) .

We have found a lso  Sobo lev 's  @- func t ion  accord ing  lo  fo r -
mu la  (50)  rv l r i ch  seenrs  to  be  an  eas ie r  u .av  t l ran  c - r t rapo la t ing
the  l , - f r - rnc t io r r  acco l r . l ing  to  io rnrLr la  (55) .

2 f l y6 , r r rxer l r r r r  
-1  

, '1O
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12.  Conc lus ion

In this paper we have presented trvo ne'uv approaches for
detenrining the radiat ion f ie ld in a homogeneous slab rvi th
e.rponent ial ly distr ibr-r ted sources. Both approaches are based
on Chandrase l ihar 's  p r inc ip les  o f  in r ra r iance.  Sevcra l  nunrer ica l
computa t ions  havc  been made and the  accuracy  o f  p roposed
nre thods  is  found to  be  su f f i c ien t ly  h igh .  I f  one is  in te res tcd  in
ihe  accurac i r  s t i l l  h ighcr  then i t  lnay  l lg  ach icved l ; r 'decre 's 'n . '
the step sizc oi  nunrer ical  inntcgrat ion. The probleur shovu's
s o r t t c  i e a t u r e s  o I  t h c  " s t i f f "  s v s t e r r r s .  i .  c .  t h c  o r d c r s  o f  r r r g n i -
tude o f  the  e igcnva lues  o f  the  sys tem arc  very  d i f fe ren t .  Th is
di f f icul ty nra_v beconte ser ious u,hen dcal ing u' i th opt ical ly very
th ick  s labs .
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