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T .  V i i k

The l l i l ne  and the  a lbedo prob le rns  are  so lvcd  in  the  P-5  approx imat ion ,  Y

us ing  d i i fe re r r t  boundary  cond i t ions .  I t  i s  s i to l 'n  tha t  the  Pomran ing  boun-
dar l ' cond i t ions  are  to  be  pre fer rcd  rvhcn cons ider ing  the  rad ia t jon  l ie ld  fa r
i rom boundar ies  and i f  one is  no t  dea l ing  l i th  thc  case o i  g raz ing  inc ic lence.

1.  F i rs t  l ve  cons ider  the  i \ l i l ne  p rob le rn  rvhere  a  pure  iso-
t rop ic  sca t te rer  occup i r .s  the  ha l f -spacc  u ' i th  a  sourcc  a t  in f in i t l ' ,
i n  the  P-5  appro- r i tna t ion  us ing  d i f le reu t  bounc la r ) ,  cond i t ions .

The cquat ion  o f  rad ia t i ve  t rans fer  i s

( l )

u ,he re  t he  ang le  va r i ab le  , a  i s  measu red  u , i t h  r cspec t  t o  t hc
pos i t i ve  r -ax i s .  Thc  o the r  no ta t i o t i s  hz rve  the i r  cL rs to r l r r y '  mcan -
i ngs .

The  nomen t  equa t i o r - r s  i u  t he  P - , \  app rox ima t i on  a rc  t he
i o l l o r v i n g  [ 1 ]  :

rP ' r  ( r )  : 0 ,  / o  r  . l

t T t l ) l n  t ( r ) i  ( 2 r t l l ) q ; , , ( r ) - f - ( n *  l ) 1 , ' , , + r ( z )  : 0 ,  n > 1 ,  \ z )

r vhe re  ! t " ( r )  i s  de f i ned  b -v  t hc  se r i es  cxp l t i r s i o t i

I  ( r .  t t t :  i  
' f#P,,  ( i r )  tp, , ( r ) .

? r - 0  
'

In  thc  P-5  approx imat ion  sys tern  (2 )  c rn  be  rednccd to  a  s ix th -
order  d i f fe ren t ia I  rquat ion  rv i th  cons tan t  coc f f i c ien ts .

754, t ; ' ( r ) -BB2Eruv( r ) * l l l l tp ' , (z ) :0 .  (3 )

dt  |  
' i .

l t  ,  * l ( r .  r r ) : -  |  l ( r .  t 1 ) t l U .'  U r  Z  " ,



The A4i lnc '  ond t l te . l lbedo Problcms

The gencra l  so lu t ion  o f  equ: r t ion  (3 )  wh ich  has  the  p foper
behav iour  a t  in l in i t y  i s

t [ok ) :41 !A2r ) , -A3g- i " r t - ] -1 ,  g - i : r .  (1 )

Here the coef f  ic ients ,4 i  are the constants of integrat ion an r l
2 '  i l f c  thc  pos i t i ve  roo ts  o f  the  charac ter is t i c  ec lua t ion

7SA4 _ BB21!+ l  155:0, (5)
so  tha t

\: 'i',:'t't"orti)or|'u 
) 7:i""'r,; ' "1'I'11

l 'hcn thc othcr  rp;  arc:

i / ' r ( r ) : - | l '

r / , 2 ( r )  : -  
i , o rq '  

i r r f . 21 , ,  
"  

i ' : r ) ,

i p : t ( r )  : - |  i r ; ' . r , ,  c  7 , . *2 ;  r , - 1 ,  e  - i . r ) ,

e , ,  ( r )  :1 t  r l  r  t  i , ._ f  p2A r  1 ;  . . ,

l ' : ( r ) : Q i , 1 3 c  " ' - y n , A , , "  
r . " ' ,  

f ,  
- -  t "  Z 3 ; 3 Y i J - r  ' i g

t t 'hc lc  
r  - / - '^+ -  

uu '  = -  r :  3- ' i  cq 3z?9' {

^  |  |  3 5  \  "  , i t . r ? r 3 r c
o , -  o  (  : t  * l - ) , . ) , l n  =  o . . r 5 ; i r i i . r u q l r

r . d  ' l r + ' o '

u' :* (+ t rs i , ' )o  ' ,  i :1 .  2

! ' v  I r t  o rde i  i L r  dc te r rn ine  the  coc . i f  i c i e r r t s  , . 1  i .  t ' c  i i r . s t  r l e r i vc  t he
b o u n d a r r  c o n d i t i o n s  r r c c o r c l  i n g  t o  [ ) o r l r a n i n g  [ 2 ] :

l t  
I  fO, t , )r1110, - .u) l t  cta:0, (6)

t i ' here  d1  is  thc  var ia t ion  o i  the  spcc i I i c  in tcns i tv .  s ince  the
spec i f i c  in tens i t l .  in  thc  P-5  appror in ta t ion  is

2 l  ( t ,  u ) : t l : n ( r )  * 3 / , ,  ( l )  ( t ( . r )  + s p 2 (  p ) r l z ( t )  ) ,
17  Pt (g )  t14 f t )  19P, , ( r r )  y . r  ( r )  +  1  lp5  (11)4 ; r , ( r ) ,
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T. V'iilr

eqLrat ion (6)  y ic lds

128  (00 )  -256101)  +  160  (02 ) -  48  i 0 , t  r 256  (10 )  -576  (11 )  +
+512  (12 )  -  221  t | : t )+11  115 )  +  160  (20 )  -  512  1Z t  I  1
+ 800 (22) - 768 (23\ +3e0 (21r - 224 (3r; a 768 (32) -
- I  176 (33) + 102-r (; l ,r) - 462 i35; -- 18 r10) + 3e0 (12) -
-  1024 ( ,13)  + l15B (14)  1280 {15)+
- l -  44 i51)  -  462 (53)  t -  1280(54)-  lB l l - r  155) :0,
whcrc

(ile) : r! t(0 ) dilr, ( 0 ) .

No t  a l l  t he  va r i a t i o t r s  d { , ; ,  a re  i ndcpeuden t .  Thc  r cs t l i c t i ons \
i n rposed  ou  thc rn  a re  g i l cn  1 t1 '  t he  f o l l o t ' i ng  equa t i ons :

:
r / . { O t - -  \ ' r  - l i , , P  , ^  / O r  , ' - i  |  ?' l r t t \ , t  _  r  t t  ' \ l t  t  i t , U l ! . t w ) ,  / r - U ,  i ,  ' J .

? i ? : 0

Duc to  the  zero  cn t rau t  f lux  a t  r :0  ihc rc  a rc  no  inhot lo -
gcncous te r rn -s  in  cq t ra t ions  (7 ) .  , \ ccor r i ing  to  cqur t io l rs  ( .7 )
thcrc  a rc  on l -v  n ine  indcpender r t  conrb in i r t io r rs  o i  t r l ; ) .

Sc t t ing  thc  coef i i c icu ts  o i  t l r csc  cont l l inu t i r . rns  cqLr i r i  to  zero

f  i c lds  n inc  non l iu t 'a r  c r lua t io i ts  io r  th t  r ine  Lr t ' i l i i to l 'ns  -Q i1 ,
( i ,  f t : 0 ,  1 ,  2 )  :

lB1sRi,  -  l {58R3. 1- I  17trR,?rt  ! )2 trRr,R;, ,J, t}61i . : ,  128:0,

I 8 I 5Ri1 -- 1 aSsRir l- 1 I 76.r?:ir - i)2-l Rr r R,rr -i 334,,--,i1BR:,r-f 576 : 0,

tBlsRi,  -  t , l58Rr2r r-  I  l70R;1- l  t )2 1R12R:r:r  780Rr2 - 800.:0,
4 (R:oR: r  - -R: rR. :n )  *5 (Rr rR:n  -  RrnR: r ) - -  I  :0 .
4 ( R : r R r : - R z r R : ' ) - l - 5 ( 1 ? 1 : R : 1  -  R r R : : ) ' - i J R : r  i  2 : 0 ,
4 (R:oR,r: - Rr:R;r) 1'5 (Rr:R:,, -- lirrR:r) -. 3Rr0='.=0, 'J

4'1Rro*4B1ly- 224Rn-l-  lBi5RroRrr l -158R:oR:r*-1 l76R:, ,R:r*

+462 (R11Rso*Rro1?3r )  = :0 ,  (8 )
44Rn-390R: r  -  224R: t : ) - l  815RrrRr :  - -  14581 i : ,Rr t *  I  I  7 ( iR : rRr , : - i

+462 (  R 'zRr r *R, rRn)  :  Q,
390R:o-F4BRzg --  i60+ l8lsRroRr. --  lJ58R:oR', : ' i  1 l76R,r,rR;: i -

+ 462 (1il2R:o*RroRs:) : Q.

I t  i s  qu i te  poss ib le  tha t  s l , s tenr  (B)  has  an  ana l - -v t i c  so lL t t ion  as
thc  rcspec t ive  s l ,s tem in  the  P-13 approx i tna t ion  has  [ :3 ] .  Hot ' -

( 7 )



The Mllne anLl the Alttedo Problems

€vef,  i t  is mLrch easier to -s<; l t ,c the systern numcrical l ) ' .  In that
casc  the  most  d i f f i cLr l t  p rob lem is  the  der te rmina t ion  o i  the  in i -
t ia l  va lues  o f  R4 bc fore  s ta r t ing  i t c ra t ion .  F-or tL rna te l i '  the
number  o [  unknorvns  to  ] te  L rscd  as  ar r  in i t ia l  guess  ca l t  be  redu-
ced to  th rec ,  u 'hen ta l i ing  advantagc  o f  thc  fo l lo rv ing  procedr l re .
The unknou'n R10 can be found as a funct ion of Rzo and Rso frorr
the  f i rs t  cquat ion  o f  s1 's te r r  (B) .  F rom the  sccond equat iou  ne
f ind Rzr(Rr,Rs,).  Using thc Ltnl in<-rr ,v l ts Rro and Rzr in thc for-rr th
equat ion, rr 'e obtain a quadrat ic equat ion to dctcntr ine Rzo. The

1 coc f i i c ien ts  o I  th is  cquat ion  conta in  on l l ' th rec  un l<norvns :  Rr r ,
*  R;r,  an 11 R:r.  Hcnce, start ing r , i th thc cst imatcs ior these

unkno\ \ 'ns ,  NC can success ive l ) ' f ind  approx i rna tc  va lucs  Io f
oihcr unknor.vns. I {al ing foLrnd a sui table sct oi  R, i , ,  \ \ rc ci l l l
s ta r t  i te la t ion .  The bcs t  ra te  o f  couvc . rgencc  \ \ 'as  ob ta ined r ,hcn
usi i rg thc Neu'ton rnethod.

T i rc  so iu t iou  o f  svs tc r l r  iB )  a long u ' i t l t  thc  respec t i r , c  va lL lL 's
fo r  the  coef i i c ien ts  R i i  i t t  thc . , \ ' l a r l i  a t rd  , \ ' [a rsha l i  approx i t ra t ions
a r c  g i r e r r  i n  T a b l c  1 .

T a b l c  I

/i,r, j ,ni:rir< i t lARSI  IA I ( j u,rntR..,, 'nn
I

R , o
R u
R r :
R,o
R:rr
R:z
R,,,r
Rsr
l ( 3 2

\ \ Ic notc t i tat  thc Porr ' rat i i t . tg
t rend rs  thc , \ la rh  anc i  r \ \a rsha l i
i n  a b s o l u i e  v a l L r e .

I t  i s  in te res t ing  1o  po in t  ou t
tc rn  (8 )  i s  sa t is i i cd  u 'hcn  us ing

ThLrs ,  thc  coc f f i c ie t t t s  l ;  c : t i t

valucs of I l ; i  fo l iou, thc saLnt:
v a l u e s  c i o ,  b i r t  t h e l ' a r c  s n t a i l e r

tha t  t i r c  sc rcond t i ip le t  o i  s r ,s -
the  l . {a rshak  va lncs  o f  R i i , .
bc  c lc te rmincd l ron ' r  c 'quut ions

6 l

3.01E290
o.s0978i)
2. t9()71i1
3.7167{ I
7.:1,173)'J
1 . : i81723
1.891722
3 . 9 9 2  l 0 l
3 .0 ;3831

1.750001)
:1.i i75000
I  . 911062
2.666667
,r.333333
3.333333
1.562500
3.:17;000
2.73+37 r

1.3632" ( )
: t  {16;2;;
l . ;14621
2.3072:0
4 .66 :J0 ;
2 . 9 8 6 1 7 9
L412332
3.1 5 t 82!l
2 .613-166
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T a b l e  3

Fractional errors of the mean intensity expressed as pl 'ecentages. The Milne Problem

D 1 D 2 P - a.1MARSH.\K I  I 'O ' \ lRA

I  INt l
MRAN-l ,nrrnr< I mnRsu.qx
I N G I  I

POA,IRAN-
I N G

t,

0 .01
0.01r
0 . 1 0
0.20
0.30
0.ir0
1 0 0
2 0 0
3 (10

0.0,0
r .82
5.06
6.9ir
8 .50
8.93
8.72
7 l : j
1 .82
:t.57

- ' -1 . r .5

l 3 . l
-- 8.16
- ; .32
---2.01

3.43
L l 5
r .38
1.,-. t2
1 . 1 6

q q - -

-  - r 9  9
- i 1 6
- . 1 0 . 9

-6.77
1  i 1

-  2 .27
-*( l . ; r0

0 0 3
0 0 7

t).00
1 .11
3.10
J. OB
1.02
,1 :- t

2.52
t . 2 2
0.60
0.13

-1.33
--2.71
-0.22

0.96
I . 5 9
l . ; i i
l . i - 1
0.-1,r
0 .  l 8
0 .  1 , i

-7.0,6
-5.31
-2 .1 ; t
-0 .96

0 .  l 0
0.3,r
0 .29

-0 .02
-0.08
-0.05

-3 .  l5
- 1 . 6 1

0.52
1 . 4 3
l . 8 1
1 7 0
L31
0 . 8 1
0.  {5
0 . 3 1

-251 -+.22
-1 .13  - -2 .75

0.61 -0.7:)
I  .  14  0 .06
1 .09  0 .33
0.80 0.24
0.37 0.02
0.09 -0.08
0.08 --0.03
0.06 -0 02

i^'*|'***f.;'*^-^" l-^**



6'1 T. Viih

For  smal l  op t ica l  depths  thc  c r ro rs  a re  ra ther  la rgc .  In  th is
c i l sc  onc  ma5 '  p re fe r  thc  In la rs l ia l i  bounc la r l .  cond i t ions .

Thc  s ta tement  tha t  thc  r \ \a rsha l i  bo i tndarv  conc l i t io r rs  z t re
nlorc i rccLlrate that thosc of the r \Lar l i  in lolr ,er-orcler appro.r iura-
t ions ,  and tha t  in  h igher -order  appror i rna t ions  (s ta r t ing"
p t rhaps ,  i ro r l  P-5)  thc  s i l r r r t ion  is  thc  rcvc fsc  I l ' l ,  r vas  no t
conf i rmed bv  our  ca lcLr la t ions .  PresLrmrrb lv  one nrus t  chc lose
a s t i l l  h igher  o rc ic r  o f  appror in ra t ion  to  havc  th is  s ta temcnt
s a t i - s f i e d .

2 .  Ncr t  \ \ : c  co i ts i t l c r  the  a i l tec lo  p rob lc r l ,  i .  c .  thc  c l r .sc
u 'hcrc  a  c l t i te  func t ion  bc i r rn  i s  inc ident  a t  an  ang ie  u rhose
cos lnc  is  r r  o r r  a r r  in i in i t c l . , i ' c lecp  or  i in i t c  p la r rc -para l te t  s lab .

I t  th is  casc  the  cquat ion  o f  r .d ia t i ve  t rans fer  fo r  c l r tc rn i -
n ing  t i rc  f i c l t l  o f  d i f fL rse  rad ia t ion  is

d r l
l t -  t  

- l t  ( r , . t 1 ) : T . f ' , r r , u rd t1L r - l  Fc  , , , ,  ( i l )
l _ T

t r , he r t :  i ' i s  t hc  i n t r i ns i c  f l ux .
r \ { on rcn t  c ,qL ra t i ons  o i  ( 1  I  )  a r c  g i vcn  l s  f o l l ows :

l _
t / '  : \ r )  - _ ; l  e  I ' , ,

t l t i ) ' , ,  y k ; l +  i Z , r + l ) r 7 . , , , ( r )  |  ( r t 1  l ) r l t , , , + r ( r )  : 0 ,  r t ) z l .  
( 1 2 )

I ' r r i '  l r  i i r r i t t '  s l : r l t  u ' i t h  t hc  r . , p t i ca l  t h i c l i ncss  o f  x  t i t c .  P  5
so lL t t i on  o f  cc lL ra t i ons  ( l 2 )  i s  t hc  f o l l ou , i t r g :

t l ; t ( r )  - t7 t t .  'A: r*u*F*. '1 i  g  ' r  ' t ,

t / , r ( . r )  :  | , 1 . r - B r *  . , , ,
, t

1 r3 ( r )  :  ! r n11 , ) *C rc , , , ,

5
t l ' : ( r ) :  - : ,  ( 1 - , t r t ] - i  , ' t i l * D ; t '  , , '

( )  '

g, (r) : pyr* pr!.t + 8., 
" 

, ,, ,
r/ ' i  (r ) : q It+ q'4t,: + 6; 1' r ' ' ,

(  1 3 )

u' l tcre

67_, \ ;1Cr , r f  11 ,  g  i , r

/ i : .1 t  c7" . r .+  ,1 r .  e  , . . r
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3
, 4 ' : -  

]  Q n u r ( 2 3 1  -  I  1 9 0 u ,  f  I  l 5 5 a r ) ,

I
Br- : - * ,  Fu ,

C7:3QPuz1zr l  77u2) ,
D t : Q F u ( 2 5  9 9 r r : ) .
E l -  | |QFu2,
G i : - 2 0 Q F u

a n d

Q , :75  -  882u2*  1 l55rua .

b .  I t  mr - rs t  be  po in tcc l  oLr t  tha t  th is  so lL r t ion  becomes indetc rmi -
1- natc u'hen

tt :  ) ; ;1:0.3122126

y  -  ) ,  ; 1 -  Q . 8 1 6 1  8 5 9 .

F o r  a  s e m i - i n f i n i t e  m c d i " . r  t h c  s o i L r t i o r  o i  e q r r a t i o r s  ( 1 2 )  i s
also gir ,en by forrnulae (13),  onl-_v

- ' 1 1 - , ' 1 3 - 1 5 - - Q

;  end  thc  r . r ra i ' r ing  coc f i i c i ( ' r t s  ca 'be  dc tc r rn i 'ec l  b l ,  u rak i rg
t l sc  o i  bo t i t tdarv  cond i t io r rs  (7 ) .  L Ioq .c r , ,c r ,  io r  a  f in i te  s lab  thc

5  sc t  o f  res t r i c t ions  (7 )  i s  no t  . -s r i i l i c i cn t  anc l  i t  must  be  complc ,
mented b1 '  the  fo l lou . ing :

e , , ( x l :  j  f - 1 ) , , , 11 , ,  r . , , J f ) , , , 1 . r ) ,  n :5 ,  4 ,  3 .  (14 )

\ !  Th i ,s  compl" , " ; ; "  for rnat  so lut ron of  s l ,s tem (12)  in  thc,
P-5 app; :ox imat io l t .

As  oLr r  a i in  i s  to  compare  t l rc  accr r rac l ,o i  r ra r ious  r roundar5r
cond i t ions ,  * ,c  har .e  to  f  i ' d  thc  c . rac t  so l r r t ion  o f  cqur t ion  ( i  l )
bo th  fo r  the  cascs  o f  a  s r :n t i - in I in i te  and a  f in i t c  s lab .

For  thc  i in i te  s la l t  the  sourcc  iunc t ion

1 1
1 1 1

S (r r .  r )  - -+ 
" l  t  ( r .  l r l  c t t , *  ;  F  e r  , .  (  lS)
1 -

5  f l r '6 . . r r i la rL r r r r  T - \C)

OI



66 T. Vi ik

sat is f ies  the  Fredho lm in tegra l  c 'quat io r r

S  ( a ,  z ) _r I- 2 J S( r r ,  r y )E , (  r -  t l t ) cL ! /+ r l  o "  .  " (  l 6 )

( 1 7 )

rvhcrc  E1(z)  i s  the  s ta t tc lz r rd  cxpot ic r r t ia l  i r r tegra l  o f  thc  f i rs t
o rd  e r .

One can so l r ,c  equat ion  (16)  and f  i r - rd  bo th  thc  sourcc
lunc t ion  anc l  thc  n rean in tcns i t . v .  Br - r t ,  duc  to  the  Iac t  tha t  wc
are  dea l ing  u ' i th  the  casc  o f  purc  sca t te r ing ,  the  convcrgcnce
of  thc  so lL r t io r r  o f  eqLr : r t ion  (16)  i s  ex t renre lv  s lou ' ,  espec ia l l v l
u 'hcn  cons ic le r ing  the  sc i r r i - i r r f  in i te  s lab .

T o  s o l r , e  e q u a t i o n  ( l l )  f o t ' t h i s  c a s c  u ' c  i l s e d  t h e  A m b i r r i -
surn ian  in tegro-d i i f c len t ia i  eqr ra t ion  t5 ]

* t , r ,  r ) : - l - t ( , , , . t+  - f  a1r i
( t r  I l  _ i s f u. rt 4!;l-

r vhc rc  H (u )  i s  t hc  Chand rasc l i ha r  H - i L rnc t i on  [ 6 ] .  To  p roduce

the  sou rce  func t i on  S  (a ,  r )  \ \ ' c  : r pp ro . \ i n ra ted  thc  i r r t eg ra l  i n

e q u a t i o n  ( 1 7 )  I r ) ,  G a u s s i a n  q t r a d r a t L t r c  o f  o r c l c r  n i n e ,  n o r -
ma l i zec l  t o  t he  i n t cn 'a l  ( 0 ,  1 )

Th i s  f  i e l ds  a  svs t cm o i  n i t r c  o rd i t t a r l '  d i i l e re r r t i a l  e t l ua t i ons ,
. "1 ' h i ch  u ' e  so l ved  b f  i . he  R r r r rg . c -K r r t t i r  i t r t eg ra t i o i i  s chcmc ,  us ing
t h c  i n i t i a l  c o n d i t i o i r s

S ( r r i , 0 )  : - ] - F I I ( t t , ) ,  i : 1 ,  2 . . . . ,  9 .
+

To conrpLr te t l - rc  Chandrascl ihar  H-funct ion u 'c  Ltscd the I (our- ,
g rno f l -Busb r i dgc  i o rmu la  [ 7 ]

:1 2

H { : . 1  : i ' . 11  {  
- " -  

/ '  
l r t  ( l  - - t r  t ' t q  I r )  '  I' l '  I , "  1 ,  . , , . ,1 /  ; - - : , . i r r ,  ; " ! '  I '

i n c o r p o r a t i n g  t h e  b r i l l i a n t  t c c h n i q r t t ' o f  S t i b l r s  a r r d  \ \ i c i r  I B ]
The max imum re la t i ve  e r ro r  o i  H  does  no t  c rcc 'ec l  0 .0002 0h

I ro r  the  f in i t c  s lab  u ,e  used thc  i rpproac f r  o i  Re l l rn rn  c t  a l .  [9 ]
The essence o f  the i r  rne thod is  to  so lv t '  thc  sys ten t  fo r  Chand
rzrsckhar 's , {  a rc l  } '  IL rnc t ions  I t i ]



Tlrc lvlilrtc urLd llte illbetlo Problcrts o /

* rrr,  D:+Y (x, u)
1

I t ' r x ,  y1 ! ! -

d  . .  I  |  
' r  

.  c l u  
( 18 )

f  
,  , . t .  r r ) : -  

7  
) ' ( . t .  u l  r -2 , \  t . i ,  r r )  J  Y  t . u .  y ) y

l ,  
_ -

i ron  . r :0  to  r : / ,  us ing  thc  l ;oundary  cond i t ions

X ( 0 ,  r u ) :  l
, n . l

Y ( 0 , 1 ) : 1 .
Th is  r , i c lds  r rs

w  ( t ,  t , r ;  . : J -  F X  ( t ,  t t ) .' , +

r ,h ich  servc-s  as  a  boLrndary  cond i t ion  fo r  thc  fo l lou , ing  cqua-
t ion  [5  |

d t l iLwl t , x , t t ) : - I  t r  r r . . r .  r r )  l+ r  t . r . , t t  J  u " r1 . . r ,  , , ro ' -0 . t u ' J r A

(1e )
n'hcrc

W  ( . t , ' r , l r )  : = $  ( x  - -  t ,  x ,  u l .

T h c n  e c l L r a t i o n  ( 1 9 )  i s  z r r l j o i n c c l  t o  s 1 ' s t c n  ( 1 8 )  a n d  t h c
in teg ra t i on  con t i nL res  t r n t i l  r  r caches  t l ' r e  l a rgcs t  c l cs i r cd  op t i c r l
th ic l incss.

T h c  i n t c g r a l s  i n  s v s t c n r  ( 1 8 )  r r n d  e q u a t i o u  ( 1 9 )  w c r e

l  r e a t r r l  i r r  t h r  n t i t n n c r  d e s c r i l r c c l .  A c c o r d i n g  t o  t h t ' a s s c r t i o n  o i
ebe i lmar r  

c t  r l .  [ 9 ] ,  a  sL r l f i c i en t  accL r racv  u ,as  ob ta ined  cven  h r , ,
mak ing  i r sc  o f  t hc  sc r , c r r -po in t  qua r l r i r t r r r c  f o rmu la .

T h e  c r a c t  s o l r r t i o n s  b o t h  f o r  t h e  s e m i - i n f i n i t e  a n d  t h c  i i n i t c
s labs  ( ; r - _ -0 . l )  \ \ ' c re  con tp ; r r - r -d  u , i t h  t he  P -5  so lu t i on  and  the
te ia t i vc  c r ro r  o f  t hc  r r cz tn  i n i ens i t . v  e  i s  g i r , ' en  i n  Tab les  4  and
5 .  Th ree .  rep resen ta t i ve  i n r : i c l e rn t  i r  ng l cs  huve  l r ccn  chosen ,

arcrcos  u :  |0u .237 i l l  ,
arccos tr-  520.25655,
a rccos rz:89().08782.



' f  
a b l e  4

Fractional errors of the mean intensity expressed as percentages.
Albedo problem, semi-ini ini te mediunr

a  :  0 .01  5919! )

23.03
-4.lt l
--4.93
---5. I B
-+ .4 i )

--3.59
-2.89
-2.37
-2.02
- l . 8 1
- t  . 71

PO, \ IRANING

r9.95
-7.93
-7.92
-7.83
.-6.79
-5.71
-4.83
-4 .19
.-3.76
-3.49

Q 2 t

u:0.6121267

--2.36
3.4{;
2.83
1 .98
I  . 31
0.8(i
0.1)7
0.38
0 2ri
0 . 1 7
0 .  l 0

a: 0.984080 t

] \ lARSI IAK P O M R A N I N C

0
0. I
0.2
0.3
0.4
0.5;
0.6
0.7
0.8
0.9
t . 0

30.42
2.66
0.40

- 1 . 3 1
-1 .69
-- l .60
- 1 . 5 1
-1 .38
--t.27
-1.21
- 1 . 1 9

1 .62
5.93
4.63
3.38
2.47
l .B5
1 . 4 4
l . t 7
0.99
0.87
0.77

-5.04
1 .80
1.63
1 .04
0.51r
0.21

-0.00
-0 . l 4
-0.22
-0.28
-0.33

0 . 1 2
4.53
3 .8 I
2.9i;
2.30

B4
l-r I
29
t 2
00

-2.69
2 .61
2.30
l . 7 1
t .23
0.80
0 6 5
0.50
0.38
0.30
0.22

- 5 . 1  I
L l l
| . 2 3
0.89
0.57
0.34
0 . l 8

-0.07
-0.00
-0.06
-0 .1  I0.89



T

T a b l e  5

Fractional errors of the mean intensity expressed as percentages
Albedo prob lem.  F in i te  s lab  (x :0 .  l )

tu :0.01 59 I 99 u:0.6121267 rr : 0.9840801

, 
I 
noo*,, 

I 
n o*r,,onl o,,n,'unr,"o

| 
^,n*n 

l^'o*rnon I 
oon,oor,*c 

I 
A'ARr( 

I 
^TARSHAK 

lo,,,n,on*,*o
0 43.99
0.01 43.69
0 02 40.1 I
0.0:t 35.6.1
0.01 3t.23
0.0ir 27.29
0.0ti 23.93
0.07 2 l  .1  I
0.08 I 8.68
0.09 16.40
0 .10  13 .97

27.79
27.94
23.49
17.67
I  1 .75
6.29
1 .44

-2.84
-6.7s

-10,59
-14.78

32.50
32.54
28.37
22.97
17 .51
t2.52
8 . 1 4
4 3 1
0.85

-2.50
-6 .16

2 9 . 1 1
34.06
36 26
37.24
37.58
37.51r
37.21
36.51
35.22
32.80
27.91

13.74
20.32
23 38
24 .81
25.37
25.37
24.90
23.89
22.06
18.73
12  20

7 3 0
14.5r1-r
17 .95
l9. l-r7
20.21
20.22
19.70
l8 . i r7
l6. ir2
l 2 . B l
5.60

28.88
33 82
36.07
37 .10
37.52
37.56
37.29
36.65
35.42
33.04
28.14

t3 .45
20.02
23.1 3
24 64
25.28
25.37
24.99
24.07
22.31
19.03
12.49

6.98
t4.22
17.68
19.38
20.12
20.23
19.80
18.76
16.79
1  3 . 1 4
5.1)2



70 T. Vtitt

The  r cs r - r l t s  o f  compu ta t i on  shou r  t ha t  t he  Pomran ing  i r ounc l -
a f y  cond i t i ons  shou l c l  be  p re fe r red  i l  one  i s  i n t c r cs ted  i n  t hc
rad ia t i on  f i e l d  i n  deepc r  1a1 ' c r s  as  I ' u ' e l l  : r s  i n  t hc  casc  o f  no r tna l
i n c i d e n c e .  T h i s  i s  a p p l i c a b l t ' a l s c r  t o  t h e  s o l u t i o n  i r r  t h e  P - l  o r
P -3  app rox i rna t i ons .

The  e r ro r . s  a t  t he  s r r r f acc  o i  sen i - i n f i n i t c .  s l ab  a r t  r a thc r
l a rge  r vhcn  L rs ing  the  Pon r ran ing  boL rnda ry  cond i t i ons .  BL r t  t he
e f r o r s  d e c r e a s e  r a p i d l y ' t o u ' a r d s  t h e  d c . e p c r  I a y c r s .

I r o r  t he  f i r r i t e  s l ab  thc  s i t L ra t i on  i s  t o  somc  cx t cn t  i nvc r t cc l  -

t he  e r ro rs  z r re  sn ra l l e r  a t  i r c l L rnc la r i cs  anc l  r each  tna r i r r L l t r l  r r c r l r
t he  ccn t re  o f  t he  s l ab .  I r r  t h i s  c i i se  t he .  supe r i o r i t l ' o f  t hc  Pom-
t ' i t n i ng  houn t l a rV  con r l  i t i ons  i s  o l t v i ous  i i  on l v  one -  i s  no t  c l ca l -
i n g  u , i t h  l a r g c  a n g l e s  o i  i r r c i c l e r r c c .

Novcntbr ' r  l ! )75

3a4ava Mu.ryna H airb6eAHaq 3aAaqa
B P-5 npn6i l r4x{eHnr.r
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